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SOUTBEJUr DISTRICT OF. JfEW-YORK, 8S. 

2E IT REMEMBERED, That on the ISthdayof Jtiittarj, 
. D. 1828, in th6.6M yeur of the Indepradenoe of the 
United Stutea of Ainenea, F. R. HASSLER, of the said 
PistricL hath deposited in this office the title of a Book, the right 
whereof ho claims as Author, in the words foHowing, to wit: 

mementt of JtrUkmetie, Tkeorttieal and PratUeal; adt^ed to the 
use of SchooUf and to JPrinate Study. A JiTtw Stereotype Edttim, 
revised and correcUd. By F. R, HJtSSLBR, JP. A, P. 5. 

In conformity to the Act of Consipess of the United States, entitled 
*< An Act for the encouragement ofLearning, by securing the copies of 
Maps, Charts, and Books, to the authors and proprietors- of such copies, 
duruig the time therein mentioited." And also (o an Act, entided " An 
Ad, supplementary to an Act, entitled an Act for the eocooragenient 
of Learnmff, hy securing the copies of Maps, Charts, and Books, ijo the 
authors and proprietors of such copies, durinff the times therein men- ' 
tinned, and esctending the benefits thereof .to the arts of designing, en- 
graying, and etching historical and other prints.'.' 

FRED. J. BETTS, 
Clerk of the Swthem District of J^ew-York. 



RECOMMENDATIONS. 

Extract from the Bulletin des Sciences of Paris^ June, 1827. 
Mr. Ferussac in announcing the work says, *^ This treatise appeam 
to us very methodical, and complete, as well in respect 'to the theory 
as to the application ;" he then gires a short account of its contents. 

Extract of a letter from President ^Tott, to F. R, Hassler, 
I have examined ;rour Arithmetic ;- In my judgment it is more per- 
spicuous^an any similar work that has met my eye; the principles of 
the science' are more exactly and more clearly stated, and better ar- 
ranged than iU anv preceding book of arithmetic, I am highly ple&ed 
with iU As I really think this book a public benent, I intend t^recom- 
mend it to the Regents of the University, and the Superintendent of 
common schools^ and wiU, in every other way, contribute as far as in 
my power, to brmg it into general notice, > 

. (Signed) ELIPH. NOTT. 

Schenectady^ February fioeft, 1827. 

Having carefully examined Mr. Hassler's Elements of Arithmetic, I 
folty concur in the above recommendation. 

"^ . ■ THOMAS McAULEY, D. D. 

Pdstcff of Rutger^treet Churehj J^ew»York, 

FTest Pouit, JtforcA 4, 1827. 
Dear Sib, 

Your favour of I9th ult has been received, with the copy of 
your Arithmetic, which you sent me* To knovv that you were the 
author was a sufficient assurance of its merit. I have, however, gone 
throttgh it, and was not disappointed. The Cadets do not study Arjtli- 
metic after admission, but the candidates usually join the Institution 
about a month previous to their examination for admission, during 



<3) 

which time they are inttracteil in that branch. Your treatise will be 
adopted, and no other will hereafter be used at thui Initttution. 

(Signed) S. THAYER, 

SuperinUiUdaU i>f the Jlftlifory Jkademy. 



JanudcOf L* L Mcwch 14, 1827* 
PearSiB| • 

• Accept my thanks for yam Arithmetic ; we bare long wanted 

' such a scientific treatise of tms necessary branch of leamin|f. If a 

Seminary for teachers, should ever be established by our Legislature^ 

this book should be made their text book ; and it ought to be used as a 

test book also, by all examiners of teachers of our common and other 

elementary sehools, I am told they are about establisliing a central 

' school for teachers, in New-York, if so, your Arithmetic ought to be 

taught and digestea there« Then we may get good teachers of Arith- 

^; metic. I shau lay it here before our trustees, and obtain their opinion 

^ of it also, and then make arrangements to introduce it. ' 

:^ (Signed) LEWIS E. A. EIGENBRODT, 

jprinc^ol of l7»ton Hail Jieammy, 

t ^ I have ezamined Mr. Hsssler's Elements of Arithmetic with much 

Vi pleasure, and can truly say that I have met with no treatise on theoretic 

^ Arithmetic, which so entirely meets my approbation, t am persuaded 

^ that its introdiietion into our Schools and Seminaries will produce a 

' r^ most desirable revolution in that department of education, which to say 

^ * the least, is incomplete. I shall not fail to avail myseli of it imme- 

diately, m the instruction under my charge. 
. < . (Signed) D. PRENTICE, 

IMea, ^«y 4. 1837. Princ^ qf UHea Jicademiff, 

LawviUe Academy, >hUyS0fl9Sn» 
Sir, 

I have perused your Arithmetic with satisikction. It is m a high 
dNnree, perspicuous, precise, and systematic. 

Thi9 little Dook affords somelietter prospect^ than that of bdrdening 
the memory of a child with obscure nues. or that of enslaving his rea- 
soning *faculty by dictations ; it indeed, lumishes the learner with well 
arranged and connected esercises in reasoning, by the strength of which, 
* he may pass with ease and advantage into the study of Algebra. 
■ Respecti^ly Yours, 

(Signed) 8TEYEN W. TAYLOR, 

To F. R. HASSLER. 



I have examined a work of F, R. Hassler, entitled " Elements of 
Arithmetic, theoretieal, and practical," &e. I am well ideased with 
the plan, and in seneral, with the execution of the work. I hope that' 
it mil be generally adopted by our Colleges, Academies, &c. : as I 
believe that it is eakulated to give a more thorough and systematic 
knowledge of the important science of Arithmetic, than can be obtained 
from any other treatise on that subject 

(Signed) T. STRONG. 

Prq/tssor tf MathenuMcs, 4^« m Hatn^tm Cauege, 

HmUtm CoUegtj Augwt 1% I8f7. 



I lUliy aoncur in the optdon with Profeisor Strong, on Hat merits of 
the abom named work. 

(Signed) I- DODGE, 

JiMoeiaU Princ^ tf Jfew- Yurk Western High SehooL. 
Rochester^ (ktob^ 1, 1827. » 



JfeuhYork, Oel«^1£, 1827. 

We have eiptiiiioed a worfc of F. R. Haniler, entitled, " fileme^Ui 
of Arithmetic, theoretieal, and practical," and do not heintate lo pro* 
noutice it, in point of clear ana pbiloeophic arrangeinenL and in ita 
correct exposition of the tnie and fundamental principles ot that branch 
of learning", lo be equal, if not superior, to any work in our language, 
in initiating the young to such an aoquaintance with the reason of the 
several operations of Arithmetic, as will pre{kare them to apply it to 
9ny case thai may oeciir in active li^ it is consequently better than 
the usual books, where the practice is taught by mere rule, without any 
attempt to .exhibit the rationale of the process. So also we consider it 
as weU fitted to be used as an introduction to the studies of Algebra, 
and Geometry, and therefore of peculiar y»lue asa preparation for ad* 
mission into the lower classes of our Colleges. 

(Signed) JAMAIS BENWICK. 

Prof^uar of Jfaiwnd and EammmenfoZ PhUwfpky and Chemubry. 
in Cokmiiia Co^ege. 

HENRY JAMES ANDERSON, 

PnifjsssorjfMuthmtttks m^ Pkgned JMnmmif, in (kkmilHa C^ 
Iff «, JW»-Far|p. 

MILITARY ACADEMY, JmdMmn, Abv. 1, 1827, 
I have examined with due attention and much pleasure, the qntetf 
of Arithmetic published b? F. R. Haasler, Esq. and without reserve 
express mv decided approbation of it. I think it is in every respeet 
weU caieulated for the use of our Slchools and AcademiBs, as well as 
of our higher Seminaries, and confidently recommend it to the patn>a> 
age of a liberal and enlightened'pubUc. 

(Signed) ^ A. PARTRIDQE. 

JtfMwttam, Oele^cr 18, 18C7. 
Dear StA. 

I have devoted this day almost exclosively to the examination of 
HMtUfa ElemeiUs efJimhmeiie, a book which, two days ag& you put 
into my hands. 1 assure you J am much pleased with the penormaiioe, 
^ with regard both to the general plan, ana to the simplioity with wbicn 
the principles are exhibited. How weak my Judgment may be deemed 
i know not, butl consider it a real and important improvement : and 
fbel confident, that, upon fair trial it will be fouind higtily beneficial in 
our Schools, and also to such as' have no living instmcter. At present^ 
I think of no alterations which I wish to be OMde: esperienoe, vcfy 
probably, alter it shall have been svflielently tested, mav suggest some 
improvements in certain parts. Vours respect|blly, 

DAVID YOUNO. 
Tioeher of MiUmf^tttkif MiMt^ wK /• 
19 lift* C» BARTLETTj |looMSU«ft» 
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INTRODUCTION. 



Arithmetic contains the first elements of reasomng 
«lpon Q^antiiy ; its principles take their rise in ideas so 
simple as to be adapted to the most untutored mind, and 
to the lowest capacity. It is at the same time so indiM« 
pensable for every human being, not only in common life, 
but in the pursuits of theliighest sciences, that it forms 
. ihe most proper, and has always formed one of the princi- 
pal branches of the earUer education of youth. 

By its very nature it furnishes the means of developing 
the reasoning faculties, from the time of their first begin- 
ning to expand, and of habituating them to correctness and 
precision. It therefore gives the human mind the power 
and disposition to reason upon sot^nd and correct Principle. 

It is therefore the duty of the faithful teacher of youth^ 
(not the mere teacher for his own private emolument,) to 
take advantage of this property of arithmetic, and apply it 
to cultivate the mind, and enlighten the imderstanding pf 
his scholars, by a proper reasoning in this elementary sci- 
etace ; he should not make it the object of the memory 
alone ; a method that leaves no impression upon the mind, 
whose results are in consequence lost again as soon, as 
the school is dismissed. 

To neglect to take this advantage of the study of arith- 
metic, is either a proof of ignorance, or an actual derelic- 
tion of duty. This may appear strong to many people, 
but strength is the essential property of truth. I can safe- 
ly appeal to those who have in early youth been taught by 
the negligent method of fnere rules, and have at a later 
period attained scientific eminence, to decide between this 
and any contrary assertion. 

iThe difficulties that the young experience on entering 
upon any scientific studies, in colleges, or otherwise, are 
well known ; the path 40 be followed there, must be that 
rf ftasmingj and no preparations ajce made for this by 
Iheir previoud education 5 for the cul^vation of the inemo- 



Vlii INTRODUCTION. 

ry alone, is, from the very constitution of tlie human mind^ 
always detrimental to the reasoning faculty. 

However, the opportunity, as has been stated, exists^ of 
cultivating the reasoning faculty at an earlier period, by 
familiarizing the scholar with the simple reasonings of ele- 
mentary arithmetic. The step from that to higher or ge- 
neral arithmetic, usually called Jllgehra, becomes by this 
mode, both short and simple, us in its nature it really is ; 
and the scholar who does not wish to go farther tlian com- 
mon arithmetic, can alone obtain the knowledge of the 
propriety or principles of its application to any occurrence 
in common ifie, by a knowledge of it, founded upon correct 
reasoning. It is entirely wrong to say, and act upon the 
ground, " / want to know how to do this or that," die piin- 
ciple jnust be, " J wish to understand this or that," if ever 
any lasting good result shall be obtained. 

My object in undertaking this work, may be stated as 
follows : 

1st. I wish to smooth the path of the teacher and the 
scholar, by explaining and proving, the propriety and cor- 
rectness of any step that is taken, by previous reasonings, 
leading to the discovery of the principle that ought to di- 
rect it^.and therefore pointing out the rul6 for the appro- 
priate operation ; and I have, therefore, not been content 
to give the find result or Rule, alone, and the example for 
its proof, which is an individual, and consequently a defec- 
tive proof, while reasoning always leads to general propo- 
sitions and proofs. In this way we attain, stq) by step, to 
the real scientific structure of this elementary science, and 
thus all the operations become satisfactory to the mind, and 
therefore agreeable to the growing intellect of the scholar. 
It is a mistake to suppose that children, at the age at 
which it is proper to introduce them into this study, do not 
possess sufficient reasoning faculty to follow a regular iys- 
tematic course of ideas ; they will do that with much greater 
facility, than commit to memory, find duly apply, detacJied 
Rules^ and unconnected Ideas, One idea producing the 
other by its connection with it, there exists a mutual support 
and assistance between them, which detached rules have 
not. This underrating of the faculties of yoUth> is an un- 
Uappy result of the tebits of older persons, y^o having 



been led through many useless ^ffieuHies in the progi:es8 
qf their^own -studies, consider them as indu^nsable, be* 
cause they have become habitual to themselves* 

In carrying such a system ^ough the v^ole extent, to 
that point where more general and extensiye considera^ 
Ctons, of a higher analytic nature, are to guide us, I have 
even thought it possible to make a treatise, which a man of 
science might look at with some satisfhction, and by which 
the young schdiarwould arrive at the entrance of his higher 
scientific studies, properly prepared by a correct habit o( 
reasoning. 

2nd. The young and untutored mind, in trutb* Reasons 
analy ticfilly ; a bgy, and in fact a man, asks always. WH Y f 
luid i|s he enters more and more deeply into the investi- 
gation, continues to ask the reason of every thing that is 
said to him, in the way of explanation. This is owing to the 
nature of his situation ; he cai^i^t proceed synthetically, 
for synthesis needs some previous data, averred or adopted, 
on which to build the reasoning to arrive at a conclusion ; 
Uiis' does not yet escist at this eaxfy-stttgc of instructioki. 

In following this mode, and grounding every conclusion 
tfpon inquiiy, I intend to make a book which a lad, remote 
from <9ties, al&ough he might not h^ve had the benefit of 
agoodearty education, can tdce in hand usefufly; an<} 
vSkih, mere|^ a knowledge of rpen&agy coupled with his 
own desire for instniction, would induce him to undmtake 
as a study, both useful and agreeable ; useful, because it 
would show him the means of accounting to himself for fiie 
result of his own labours ; and agreeable, because it would 
affwdhim a pleasing occi^tion for his winter evenings. 
I should he defighted to see several such lads, passmg an 
evening together, with this bpok amongthem, each his slate 
and pencil before him, discussing, mutufdly giving and 
solving, the questions which they learn from it, to f<mn out 
of the occurrences around them. I can promise diem 
more satisfiiction from it, than passing that tune in the bar- 
room of a pubHc house ; and more beneficial, economical 
results, from the expenchture in book, slate, and pencil, 
to assist their studies : (fbr they must write evety thing,) 
than wei^ they to lay out the cost in the ^^e liquor, 4»t 
WVtin^ss of mind leads fbiwtocsdli^S they ^sp^m 



be able to ealcnlate: that they even make a aavkig, if they 
vnite their full studies, ideas, and questions, oh paper, 
"with pen and ink, in comparison with the expenses of the 
deleterious pleasures of a bar-room. If I should succeed 
only in this' part of my aim, I would consider my labour 
as sufficiently rewarded ;, and I would have the greatest 
enjoyment, to meet with such a company, afford them 
assistance, and partake of their rational amusement. 

For the use of tUs book, I should lik^ to advise, the 
teacher, as well as the student ; first to peruse attentively 
the theoreticai principles of any rule or subject, and then 
exercise his scholars, or himself, in the application,, which 
will give him an opportuiiity to generalise, and clear up 
their, or his, ideas properly ; and after having gone through 
any of the principal subdivisions, to take a general view of 
the whole of it ; taking care to comprehend the leading 
principles, and the mod^ of considering the subjet^t that 
has been tri^ated of ; in this way be ^will be enabled to 
make a proper use of it in the parts to be treated next. - 

It is an unavoidable condition m every systematic work, 
that the subsequent parts shall be grounded upon tlie pre-, 
ceding ones, and consequently these must be supposed 
known in Che progress of the work, as it proceeds. There- 
fore also the study of no systematic and good work, can be 
begun in any other part than at the beginning, by any scho- 
lar ; that is, a person not fully acquainted with the whole 
subject of the book, but seeking instruction from it. If 
any person thinks he already knows some of the elemen- 
taiy parts, and wishes to study only the subsequent part, 
it is necessary for hiih to read over, attentively, the parts 
with which he is acquainted; to make himself acquainted 
with the manner in which die author expresses himself 
upon those subjects, upon which he has his own ideas. 
By comparing these together, he will .afterwards be able 
to understand those parts with which he is not acquainted; 
and therefore read and stody with success ; which other- 
wise will certainly not be ^e case. This i^ no more than 
IS necessary in eveiy species of intercourse between men, 
namely, ttmt they be acquainted with each others' Ian:-, 
guage. F. 1^. HASSLER. 
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PART L 



71RST £LKMENTS AND DEDUCTIOIT OF TBS BOUK 

HULES OF ARITHMETIC 



CHAPTER I. 

■ *- ■ 

FundameiUal Ideas of QuanUty.-^System of *Ntttneration.. 

§ 1. QUANTITY, which is the ohject of Arithmetic, 
is tibie Idea that has reference to any thuig whate?etr, aris- 
ing from the consideration of its being susceptible of being 
more or less ; without regard to the nature or kind of the 
ihing itself. It is not, therefore, an absolute e»stehce nor 
a quality ; but a. relative idea, that can be referred to any 
object whatever.* 

§ 2. No quantity, therefore, can be called great or 
smdil, much or little, in itself; it can be so only in relation 
to another quantity of the same kind, which might be 
greater or less than that quantity, and to which it would 
be compared. 

§ 3. Objects of difierent kinds •cannot be compared with 
each other directly by their quantity only. When, there- 
fore. Objects of different kinds are to be considered in 
Arithmetic, it becomes necessary : that a certain relation 
be given between them, which is completely arbitrary as 



* 8o for instance, comparing; 3 things or objects to 7 things or 
objects ; be these things or objects, booses, horses, apples, or what- 
ever they be, arithmetic considers only the nambers, and the 
result presented will, in any case, refer to the objects they were 
originally to represent. 



a VUI^DAMBNTAL IDBAAOP <11TANX1TV. 

io quantity itself, aild must be deteniiined beforo aay com- 
paosbn can take place.* 

§ 4. The mutual relation df quantities of things or ob- 
jects t6 each other^ under certain given conditions^ Is the 
object of arithmetic. In this general acceptation then it ad- 
mits any number df systems of combination^ that the imsi- 
gination can devise* 

§ 5. To obtain a dear and distinct idea of arithmetic it 
i^ necessary, to impr^s the mind fully with these funda-^ 
tnental ideas, and the genentl principtes that follow from 
them, by comparing every operation of arithmetic with 
them ; tiiey will thus become at every step more and more 
ctear and useful ; the whole system of arithmetic will be- 
come the more simple, the more its principles are gene- 
ralized^ 

§6. Coifimon arithmetic, which might also be called 
ifnih propriety, determinate arithmetic, is limited to the 
ihost simple combinations of quantities and these arc aU 
^grounded successively upon the first elementary idea of 
increase or decrease, or more or less, either simple or re« 
peated successively, or according to a certain deterDiined 
method, or law. 

§ 7*. To express quantities we make use, in our system 
of common arithmetic, of ten figures only, by the means 
of which, and by their relative places, accordkig to a cer- 
tain law, we can egress any quantity whatsoever. This 
law is called the system of numeration ; and in particular 
the decimal system, from the circumstance, of its using 
ten different figures, nine of which are significant, and the 
tenth indicates the absence of the quantity, (or thmg, or 
object) 

§ 8 These figtu^s are in regular succession I, 2, 3, 4, 
5, 6, 7, • 8, 9, and ; this last is used to denote the ab- 
sence of a quantity ; the 1, denotes the unit of any object, 
m arithmetic called oiie, of whatever kind or nature it may 



* So can, for ins^atice, houses aod horses not be comparetl toge- 
ther* unless a value be assigned (o them, for instance, in money ; 
and this at once explains the idea of money as a means of repre- 
senting every object susceptible to become property, and tjienc^ 
needed to be compared with others not of the sanie kitnO. 



be ; the subsequent figures denote in regulaa* succession, 
each one object more than the one before it 

§ 9. To denote quantities which exceed the number of 
significant figures, (or above 9,) recourse is had to a law / 
that assigns superior values to those figures, according' to 
the order in which they are placed, assigning to them a 
value as many times greater, in every successive change 
of place from the right to the lefl, as the number of figures 
indicates ; and th^efore in our usual system often figures, 
a tenfold value. This must necessarily be the law if the 
system be able to express all quantities, because any other 
law, giving another relation of value to the places than the 
number of figures, would either leave a space of quality 
un'3xpressed, fr occasion double expressions, if it were to 
increase in a grSater or less ratio than that number. (The 
circumstance of this increase taking place from the right 
towards the left originates in the fact, that this system fa 
borrowed from the Arabic, or rather Asiatic, nations, who 
have the habit of writing from the* right towards the left, 
instead of our wtiting from the left towards the right.) 

§ 10. Thence we have for the successive values of the 
numbers, in their successive places from the right to the 
left, the denominations shown in the following table : 

S § Q-§ 2 2 3 2 
o 5 o^ o o o o o 




g § o o o o o o 



^ D 0u 

OB CO QO * 
• . • 



' 1 1, 1 1 1, 1 1, 1, 1 1 1, 1 1 1 

Such would be the value, or denomination, of any figure, 
placed in any one of the places ; and if no quantity of one 
or the other of these denominations is to be expressed. 
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the place of it must be supfrfied with a 0, in order to giro 
to the next figore its proper rank, and thereby value. 

§ 11» In reading the numbers we f<dk>w our usual way 
of reading, and therefore express the greatest quantities 
first ; to render this reading more easy it is also customary 
in large numbers : to divide off by a (,) every three figures 
from the right to the lefl, which <hvides them by hundreds ; 
80 for example : 

689,347 would read thus : 

Six hundred and eighty-nine thousands^ three hundred and 
forty-seven, (understood «»t<a.) 

13,842,167 reads ^hus : 

Thirteen miUionsj eight hundred and forty-two ihousands^ 
one hundred and sixty-seven. • « 

Read the following numbers : 

1st. 73,064 ; 

2d. 101,070,101 ; 

3d. 600,007 ; 

4A.'' 90,807,060,501 ; 

^ 5th. 1,897,610,234; 

6th. . 3,904,621 ; 

7th. 70,009 ; 

8th. 501,030 ; 

§ 12. It may be easily conceived, that other systems 
might be formed- upon \he same principles, and of course 
with the same properties, as to the expression of the 
, greater quantities by the successive rank or place of the 
figures, and with any other greater or smaller number of 
significant figures ; besides the (0,) which must, like the 
unit, make part of every such system of numeration. 

If no other figures were used but (1) and (0,) that is. 
presence or absence of the quanity indicated by any rank 
or place of figure, the value, in each place will always be 
successively double of that in the preceding place, and the 
whole of the calculation would become a mechanical 
change of places ;* so for instance, in this system the fol- 

* This system is called the Diadik, mvented by Leibnitz, express* 
ly to elucidate particularly the effect of the system in Numeration, 
as in it iJl effect of proper, value of the numbers is taken away. 



9th. 


94,070,790 


10th. 


4,399,080,502 


11th. 


100,010,007 


12th. 


. 7,070,409 


1301. 


1,902,010,571 


14th. 


70,070,432 


15th. 


985,007 


16th. 


101,074,000 
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lowing numbers 111101, transcribed mto our usual deci- 
mal system, would be 32, 16, 8, 4, and 1 ; or (61.) It 
will be a very good exercise for the reflection of the scholar 
to try some of this kind of expressions in different systems. 
§ 13. It inay also assist in rendering the principles ot* 
the decimal system more clear, to cdbtrast it with the old 
Boman system of numeration* This consists in the use 
of seven letters having each a particular signification, as : 

M, for one thousand 

D, — five hundred 

C, -^ one hundred 

L, — fifly 

X, — ten 

V, _ five . 

I, — unity. 

in this system, therefore, the numeration consists mere- 
ly in writing as many of these letters as will make out the 
quantity desired ; ancfthe whole arithmetic consisted in 
placing or taking away, uffon a black board, as many marks 
under the denomination of each of these letters, as the 
calculation required* A bad habit of the Romans, in later 
ages, introduced into this system anomalies, arising from 
their considering one of the figures of an inferior num- 
ber, when placed before a higher one, as subtracted, or 
taken away, from it, as for example ; lY was written for 
four, XG for ninety, and so on** 



CHAPTER n. 

General Ideasy and ^otaHons of the Four Rules of 

Arithmetic. 

§ 14. ^ The first and simplest combination of quantities, 
and therefore, also (he furst and simplest operation in 

and any valud whatever is ei|>rei8ed bv denoting; the presence 6r 
absence of any rank of quantity by the 1, or 0, placed in the rank» 
to express which, our language ^as no words, because this system 
is not in commoii use. 

* • Some examples of this will appear in the book of questieV) tt 
it would be too long to iatrodace them here. 
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aritlunetiCy from which all others proceed, is called addu 
iion* Of this we have already an example of the simplest 
lEind in the system of figm-es, that presents the successive 
additions of unity in'^eir regular order of succession, and 
therefore also presents the combination of the quantities 
by addition as far as the sum 9. Addition consists there- 
fore t» finding a quantity^ or number, equeU to two or more 
other ^^ionHties taken together; or, as it is usually called : 
to find the sum of two or more numbers. 

§ 15. If on the contrary ihe difference of two quantities 
or numbers b to he founds the operation is called subtract 
iion. In this operation the smaller of two numbers, which 
is called the subtrahendy is taken away from the larger one^ 
and the result is called the remainder ; it is evidently the 
opposite of the foregoing. Only two quantities or num- 
bers can be concerned in a subtraction, for one result ; if 
more numbers are to be subtracted, it must be done by a 
new operation. 

§ 16. An tfie subsequent operations in arithmetic are 
combinations of the two preceding ones according to cer- 
tain laws. 

§ 17. The addition of the same number or qiumtity a 
certain number of timesy is called multiplication. When 
tins is treated in detail, the manner in which the principles 
of multiplication are deduced from those of addition, will 
be shown. The %wo numbers multiplied into each other 
are called factors^ and the result is called the^rockc^. 

§18. Tne opposite of the operation of muUiplidtUiony is 
caUed division. It represents a successive subtraction of 
liie same number, a certain fiumber of timfss, from another. 
The number from 'whieh this successive subtraction is 
made, is cidled the dii)idettd; the number repeatedly sub« 
tracted, the divisor ; and the result the quotient ; it indi- 
cates how many times the divisor is contained in, or can 
be tadcen away from, the dividend. 

§ 19. These four operations of aijthmetic, Addition, 8ub» 
trdetiony Multiplication^ and 2>f0tMn, are called the four 
Rules of arithmetic. It has been observed, that the second 
is the opposite of the first, and the fourth the opposite of 
ike AM ; atnd mdh must be the case in any system of 
combination of quanti^ tibut can be devised. In tif 
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arithmetic, it is always necessary, that both the direct and 
inverse operation shall be devised; and directions or rules 
deduced and given for their execution. 

§ 20. To facilitate the expression of the idea of these 
four operations, or rules of arithmetic, certain signs are 
made use of, to indicate them in an abridged manner, which 
it ^ proper and very useful to understand at the very be* 
gihning ; their use will conduce to clearness in the ex- 
pression of the operations of arithmetic. 

To denote an addition, the sign (-i~) is used, as for in» 
stance : if 7 and 2 are to be added, this will foe written, 
7+2, and in the same way for more numbers. 

To denote a subtraction, the sign ( — ) is used, so for 
instance : to indicate that from the number 7, the number 
2 is to be subtracted, this will be written 7 — 2. 

To indicate a multiplication, the numbers are separated 
by a full stop, (.) or by this sign, ( X',) thus to indicate 
the multiplication of 7 by 4, we write 7.4 or 7X4. If 
two or more quantities already united by + or — are to 
be affected by die multiplication with one number, these 
quantities are inclosed in, ( ) and the multiplier written 
to them, in the same manner as before to the single num- 
ber, for instance (7-|--5) x 13 is the sum of 7 and 5 to 
be multipUed by 13. 

To indicate a division, two different signs are also made 
use of; either by placing two dots, or the colon, (:) after 
the dividend, and writing the divisor ailer ; or by writing 
the divisor under the dividend, separating them by a hori- 
zontal line, thus 8:2 or | denotes that 8 is to be divided 
by 2. 

Besides these four signs we are yet in need of a sign 
to express the equality of two quantities ; this is done (by 
two horizontal parallel lines) thus, ». 

These signs will suffice here ; for other forms of calcu- 
lation, or combination, other signs are made use of; but it 
will be much easier to understand their meaning when the 
subject itself is treated ; it is therefore more proper to 
postpone their explanation for the present 

§ 21. As it will be proper for the scholar to exercise 
himself in the expression of these signs, in order that h« • 
may become familiar with their import, and acquire cloai* 
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i4^as of arithmetical operations, I shall here join a few 
examples of the four rules of arithmetic, to which the 
teacher may add more. 

InJiddition, 7+9=16, means the addition of seven 

and nine is equal to 16, or the sum of 7 
and 9, is 16. 7+3+8=18; or the ad- 
dition of seven, and three, and eight, is 
equal to 18, or the sum of 7, and 3, and 
8, is 18. 
In Suhtraciian. 13—7=6, means the difference be- 
tween 13 and 7, is equal to 6 ; or 7 taken 
from 13 leaves 6 ; for example : we shall 
have, joining both the preceding nota- 
tions, 13+9—8=22—8=14; which, as 
is shown by the above example, it will be 
easy for any scholar to express in words. 
But the idea conceived as it is written by 
signs is the best mode of expressing it. 
Tn.JMuUiplication^ Expressed first as a repeated addi- 
tion, then by the appropriate sign be- 
tween the two factors, and lastly its re- 
sult, or the Product, to which it is equal 
is presented in the following example : 

7 + 7 + 7 + 7 = 4 . 7«4X7=28. 

6 + 6 + 5 + 5 + 6 = 5 . 5 = 5X6 = 26. 

In Division. If we express division by a successive 

subtraction of one number a certain 
number of times from another, we shall, 
in the case of this subtraction exhaust- 
ing the number, reduce it to 0, and there- 
V by show that the divisor is contained in 

the dividend, exactly as many times as it 
has been possible to subtract it, so we 
would have for instance, 

30 — 6 — 6 — 6—6 — 6 = 0. 

Which showing that six subtracted five times from 30, and 
its successive remainders leaves nothing ; therefore, if 
wo express this as a division, having the result, or quo- 
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dent, as it is called, on the other side of the sign of equa^ 
•lity,'we obtain in this case the expression 

80 : 6 = V = 5 

If the successive subtraction of the dirisor, should at last 
leave a number smaller than this divisor, it will give what 
is called a remainder, that is still affected with the sign of 
division by the divisor ; as for instance in the following 
example : 

36 — 8 — 8 — 8 — 8 ~ V = 4 + I 

This last part of the expression indicates a division that 
can no longer be executed, on account of the divisor be- 
ing greater than the dividend ; it no longer ^ves a whole 
quantity in the result ; these expressions are called frac- 
tions, and we thus have already the fundamental idea of a 
fraction, from which we shall hereafter deduce the princi- 
ples of calculation that are adapted to them. 

§ 22. By means of these explanations of the principles, 
and the notations of arithmetic, it is proper for the teacher 
to introduce his scholars to the subject', and prq)are tbem 
£)rits future practical application, if he would not make it 
a study toilsome to the boy, and an equally toilsome task 
for himself. No teacher ever had a schcdar who did not 
ask him {i»hy ?) when he directed him to do something ; 
and this why, the reasonable and faithful teacher must an- 
swer in a satisfactory manner ; this will be rendered easy 
by the preceding process, elucidating the principles of 
arithmetic. Tha reasoning of the child must be cultiva- 
ted, if he is ever actually to understand arithmetic, and 
not forget it when out of school, or out of practice, as 
will be the case, if he has only committed to memory dead 
rules for which he saw no reason. By such a process 
arithmetic will ever be agreeable to the scholar, as an ex- 
ercise of his intellect within the limits of his capacity. 
The time spent in explaining and reasoning with the scho- 
lar upon these principles will be amply gamed by his more 
suct^essful and regular progress in arithmetic, when ap- 
plying it to each individual rule and case. 
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CHAPTER in. 

« 

T/te ybto* i*ule8 of Arithmetic in wliole numbers. 

§ 23. ADDITION has been defined as the method of 
6nding a quantity equal to two or mote quantities taken to- 
gether.- Its expression as a problem, is, therefore : to find 
the sum of two or more quantities. From what has been 
said of the principles of the system of numeration, in 
common arithmetic, it follows, that in order to prepare the 
given numbers for addition, they must be written under 
each other, so as to bring the units of the one under the 
units of jthe other ; and so all the numbers successively 
higher in the order of the system of numeration, will each 
come under its equal denomination ; by which means they 
may be added the more easily. 

Then the numbers are added together, in this order, be- 
ginning always with the unit, and proceeding until we 
reach the last on the lefl hand side. 

Example*— To find the value of 176873 + 34719. 
Write these numbers thus ; 176873 

34719 
and draw a line beneath them ; ■■ 

then add the column of units, 12 

tens, 8 



» r 



hundreds, 15 
thousands, 10 

ten thousands, -10 

hundreds of thousands, 1 



* 



211692 

-« 

iffocing each particular sum so that the figure on the right 
hand shaU be under the numbers added ; then draw a tine 
and add the numbers as they are now placed. The result 
thus obtained will be the sum. of the numbers added. It 
is evid^it here, that whenever the sum of any one of these 
individual additions exceeds what can, in our system of 
notation, be written with a single figure, we had to place 
the figure coming to the left of it, under the next higher 
order ; and in the secoiid addition, these numbers were 



thea added to the result of the addition next ^followio^. 
This can therefore be done at once, by the following pro^ 
cess. 

Having^ as in the example, found the first sum, 9 and 3y 
^hich is 12, (or 9 + 3 == 12) the 2 is placed under tlie 
unit, and the 1 is kept in memory, to be added to the next 
operation, in this case to the sum of the tens, (this operation 
is called carrying ;) so that in this next addition you say : 
7+1 + 1== 9 OY 7 and 1' is 8, (as marked in the exam- 
ple,) and 1 carried gives 9, which is immediately written 
to the lefl of the former result, or under the tens ; this 
number can be written entirely, andtherefore gives no- 
thing to carry. The next or hundreds would give 8 + 7 
= 15, or 8 and 7 is 15 ; write 5 and keep 1 ; then the 
next, 6 and 4 is 10, and 1 kept is 11 ; (or 6 + 4 + 1 == 
11 ;) and so on to the last figure on the left hand. 

§ 24. If a greater number of figures is to be added; 
the same mode of operation is used, only repeated as 
often as the number of figures given will require ; as for 
instance in the following example : 

To find the sum of 67421 + 389 + 641827 + SO + 
4 + 7259 8 

Write these nmnbeni all under each other so that the 
tinits fall in the same column, and the other numbers sue* 
cessively under their risspective places, thus r 

67421 

389 

641827 

30 

4 

7259 



716980 



Then, having drawn a line beneath, begin agaia by say- 
ing, in the column of the units, 9 + 4 + 0+7 + 9 + 
1 =s 30, write 0, and keep 3; then for the second column, 
or that of the tens, say : 3 + 5 + 3 + 2 + 8 + 2 « 
23 ; write three and keep two, and proceeding in this man- 
ner to the last figure on the kfl hand ; which will produce 
tiie sum found in the example, undet the line. It is aei- 



^cessary to practice such examples sufficient^, notil the 
scholar can execute them with facility and accuracy, so 
that it becomes to him an easy mechanical practice. It 
is proper to mix the numbers of diflferent orders, as above^ 
at once, and not to distinguish separate cases, in order 
that the scholar may seize the principles of the operation 
intellectually, and with reflection, and not by mere merao- 
ty and habit. 

ExampUs.'^Giye the value of the following numbers : 

1. 1,006,062 + 70,401+ 3,040,107 + 9,080,071,402 = 
2- 17,040,109 + 60,201 + 701 + 30 + 5,000,127 = 

3. 70904 + 398126 + 8079123 + 98162763 =: 

4. 37 + 90005 + 1009645 + 309047 = 
6. 773 + 104462 + 34983 + 81090406 « 
6. 10,606 + 772 + 16,000,101 + 6,062 « 

•7. 52 + 79 + 3,031,001 + 7,679 + 5,839 = 

8. 304 + 9,192 + 7,000,000 + 5,010,669 = 

9. 909 + 9,999 + 9,898,909 + 98,648 = 

§ 26. SUBTRACTION, as has been akeady said, is 
the opposite of addition ; its Problem is : to find the dif* 
ference between two numbers. 

In common arithmetic it is always required, that the 
number to be subtracted be smaller than the number from 
which it is to be subtracted ; otherwise the result would 
become, what in universal arithmetic is called negative; 
that is to say : in denying the possibility, of the subtrac* 
tion, it would iudicate the number from which it was in- 
tended to be subtracted, to be so much too small to ad« 
mit this subtraction, as the number found, indicates. 

This operation is necessarily limited to two numbers, 

. or quantities ; if more should be concerned in a question, 

the result must be obtained by a repetition of the operation. 

§ 26. Of this operation in simple numbers we have 
giyen the principle in the explanation of the signs, as in 
the case of addition ; when the numbers are larger the 
ibilowingiis'the preparation and the operation* 

Write the number from which the subtraction is to be 
, made first, and the subtrahend under it, in such a manner 
' that the unit comes nnder the unit, and the following num* 
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ber% to tbe left, each under its similar superior number, 
wad draw a Kne under them, thus : ^ 

9643187 

7532043 » Subtrahend, 



2111144 » Remainder, 



9643187 = Proof. 

then take the difference between each of the cou^ond^ 
ing numbers, beginning by the unit, and write me difier- 
ence directly under these numbers ; the number resdlting 
therefrom will be the entire difference between the two 
gjv^ numbers. • 

As well from the principle that this operation is the op* 
posite of tbe addition, as from the consideration of the 
preceding operation, it may easily be observed : that the 
proof of the correct execution of this operation may be 
given, by adding the result, or remainder obtained', to the 
lower number above the Kne, or the subtrahend ; which ad- 
dition must give the first or upper number for its result* 
It is therefore |h*oper to accustom beginners to make this 
proof, in order that they may have the satisfaction of veri- 
fying the correctn^s of their operation ; drawing there- 
fore a second hne under the result, the two numbers im- 
iiaediately above are added ; when the first number must 
again appear in the result. 

§ 27. In this operation it may evidently occur : that, 
though the quantity from which another is to be subtract- 
ed may be , greater^ some of the individual numbers, of 
the inferior order, in the subtrahend, may be larger. than 
those corresponding to them in the superior number. 

In this case it becomes necessary to sijpply the want 
by borrowing ah unit from the next higher order of the 
upper number, which will then represent a ten in its 
corresponding order next inferior in place and value, 
and furnishing of course always in addition to this num- 
ber itself a larger number than that in the subtrahend,' will 
admit the latter to be taken from it ; the remainder is then 
written in itis proper place ; andif ev«n the preceding su- 
perior number were an 0, the lending being considered as 
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possible from the preceding higher order, the operatioa 
would be the same, an unit would be ^borrowed from it, * 
and the number afterwards called 9 ; again under the sup- 
position before made of the lending being made from the 
next higher order, which, when reached, is considered as 
diminished by an unit. It is evident that if the si^erior 
number is larger than the' inferior or subtrahend, this lend- 
ing will always be compensated before the end of the ope- 
ration, whatever be its extent, through the figures preced- 
ing tHr Lpt on the lefl hand side. 

Let tjfe following example be given. ' 

600198056 — 356499278 
Place the example as indicated, thus : 



60019S056 
356499278 

243698778 



600198056 

Here in the units the 8 cannot be taken from the 6, an 
unit is therefore borrowed from the 5, in the tens preceding 
the 6, which added to the 6 gives 16,* from which the B 
being taken, leaviss 8, to be written in the place of the 
Vnits. (For beginners it will be proper to mark every 
figure from which an unit has thus been borrowed, by a 
dot above it, which is done in 'order that it may not be 
forgotten to pay attention to it in proper time.) 

In the second place or the tens we have then only, a 4, 
instead of a 5 ; we are therefore again under the necessi 
ty of borrowing from the next higher figure, though this 
be an 0, subtracting then 7, from 14, the remainder 7, is 
written in the [ft'oper place. In the place of the hundreds 
we have then a 9, by the effect of the foregoing borrow- 
ing, from which the 2 subtracted gives the remainder 7, 
And the borrowing is now made from the place of the thou-, 
sandff* By the preceding borrbwing, the 8, in the order of 
the thousands has now become 7, and is again insufficient 
to admit of a 9 being subtracted from it ; the borrowing of 
an ui]{it of the higher order gives here 17, from which d be^ 
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ing taken, gives 8 las remainder: The 9 in the next higher 
^ order has now, by the lending, become an 8, in order to 
' subtract the 9 below from it, a unit of the next higher or- 
der is agaia borrowed, making it 18, subtracting 9 from it, 
gives 9, as the remainder to be written. The unit in the 
next higher order having been borrowed, the remaining, is 
made into a 10, by' borrowing an unit from the next higher 
order, from which 4 being subtracted, leaves 6. The next 
higher number being a 9 by the supposed borrowing from 
. the higher order, and the same being the case for the next 
following 0, these two subtractions are made exactly like 
that in the hundreds ; until ultimately the last left hand 
figure being a 6, higher than the number 3 of the subtrahend 
under it, the subtraction is possible; which being done, the 
number 243698778 presents the full remainder required 
by the subtraction, or is the difference between the two 
given numbers. 

The proof of the correctness of this operation will 
again be found by the addition of the subtrahend and the 
remainder, which by carryings corresponding to the pre- 
ceding borrowing, will ag&un give in the ultimate sum the 
first or upper number, as seen by the example* Proper 
attention to the example here explained will teach how 
to act in every case that may occur in subtraction, and it 
will be proper for the &cho\ar to be exercised upon a suffi- 
cient number of examples, that he may acquire facility in 
ihis operation. 

§ 28. There are two other ways to perform this opera- 
vtion to obtain the same result ; but the above explained 
course of reasoning is the one most closely connected 
with the nature of the question, and the implied requisites 
of the operation ; it is therefore proper to keep the scho- 
lar to this consideration. When once he has gone through 
the whole course of surithmetic, he will easily see the two 
other methods, which if taught at this stage of the study 
would confuse his ideas, and are therefore intentionally 
omitted here. 

Exmnples, — Give the value of 

1st. 0,045 — 6,909 = 
2d. 82,795 — 69,899=^ 
3 - 
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3d. 9,000,090 ^ 8,998,979 a 

4th. 10,072 — 10,069 » 

5th. 11,399 — 11,289 ^ 

6th. 12,000,988 — 1 1 ,998,986 = 

7th. 15,000,092 — 14,987,698= • j 

8th. 989,689 — 979,968 == 

9th. 852,301—847,967 0/ 

10th. 1,009,0«2 — 1,008,987 = 

1 1th. 3,090,965 — 3,008,764 = 

12th. 5,908,672 — 4,090,067 = 

I3th. 1,064,512 — 943,639 = 

§ 29. MULTIPLICATION, as has been 8(ate4f is 
the addition of a given nundlier repeated as many times 
as another number cmitains onits, or indicates ; thus every 
number is in itself the product of that number into the 
unit - 1( is indffl«rent which of the two numbers be con- 
sidered as acting the one or the other part in the operation ; 
therefore they are both equally called Factors ; the result 
of the c^ration is csdled &e Product 

It is necessary, in order to perform tins operlation^with 
ease, in more con^licated calculations, to commit to me- 
mory the product of the nine numbers expressed by our 
numerical sjrmbols.^ It is needless for written operations 
to go any farther, because the4ii^er multiplications over- 
reach, in writing, our system of numeration, and thence 
do actually not come into use. 

We have already seen that our system of numeration is 
a successive addition of tiie unit bdow 9 ; which being 
the last symbol of quantity, die liext quantity is expressed 
by a chao^ of place. If now we treat every one of the 
nine symbols in the same way, by the successive additimi 
of itself ; we obtam, successively, the [Nroduct of each of 
these symbols in a similar maonfer, thus forming what is 
commonly called il^ mnlti{^cation table. Writing there* 
fore 4ie regular s^nes of numbers as far as 9, in a horizon- 
tal line, add each of them to itself, writing the result un- 
der it ; then to this sum add again the number at the head 
of the column, and so in succession, until the whole 9 
symbols are exhausted, we shall have the following sys- 
tem of results : 
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2 
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4 
5 
6 

7 
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8 

10 
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12 

15 
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12 

16 

20 
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5 
10 
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8 
16 
24 
82 

40 
48 


9 
18 
27 
36 
45 
54 
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14 
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36 
42 


15 
20 


18 
24 


25 
30 


30 
36 


12 
14 
16 


18 


24 

» 


21 


28 


3« 


4i^ 


49 
56 
^3 


6? 


63 


24 


32 


40 


48 


64 


72 


9 


18 


27 1 36 1 


45 [54 


72 


81 


^■■HHHi 








*^"^** 


V^^^M 




^^i^^ 


sssss^ 



27 



Considenng &e ^seceding table, we find that the first 
ooliunn to the left, which again contains the series of na* 
tnral numbers of our system of symbols, by the successive 
addition of the uiut, keeps an account of all the other suc« 
cesstve additions ; or that it indicates how many times this 
addition has been repeated, and that the result of any 
number of such additions, of any one of the successive 
niinibers, is always found in the meeting of the horizontal 
anl vertical lines of the two numbers taken as factors ; 
tbus, for instance, under 7, and where the horizontal line 
marked 6, in.the first column, meets it, we find 42, that is, 
the addition of 7 six times repeated gives the rejiult 42. 
In like manner under 6, opposite to the 7 in the first 
column, will again be found 42. So 6 times 7, and 7 
timaa 6, (such is the usual expresston,) are equivalent ; 
as Iwi been seated above ; and such is ti^e case with any 
/Gtherntunber. ,^ 

The regidar progression of the diflerent results is easi- 
W observable, and some attention to it will assist in fixing 
diem in the memory ; h is best not to load the bejgioner wi^ 
a1o0ger table, fyf which he has no use, nntil he may, ii^ 
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practical application, ^vish to calculate from memoiyy with • 
out writing, when the circumstance of its possessing in- 
terest and usefulness will make that task easy, which at 
this stage of instruction is a dry and useless labour. 

§ 30. We must now suppose : that the scholar has ac- 
quired some faciUty in the use and application o£ the re- 
sults of the preceding table ; and shall proceed to show 
the details of multiplication by examples. 

Be it given to multiply 358279 by 6 ; or to execute 
whaf is expressed by the Isign of multipUcation, thos : 
6 X 368279. 

Write the smaller factor, in this case the 6, under the 
otiier, so that the units stand under ejEuch other ; then este- 
cute the multiplicaticu^ of ^ach of the numbers of Ae 
larger fkctor successi^y, nd write the result under die 
horizontal line drawn below the factors, so that the right 
hand figure of the product, shall always stand under &e 
number multiplied^ thus: I 

*366279 ^ 



54 
42 
12 

48 
30 
18 



2149674 

then adding up all these products, the sum resulting will 
be the general product of the whole multiplication. 

The inspection of this detailed execution of the pre- 
ceding example, shows that we may again apply, in this 
case, the mode of abridgment that has been pointed out 
in addition, by carrying over to the next tenths without wri- 
ting out the full results every time. We would, therefore, 
in the preceding example say, (analogous to what has b^en 
done in addition,) 6 times 9 is 54 ; write 4, and keep tor 
carry) 5 ; then keeping this 5 in miiid, we would next say, 
6 times 7, is 42, and 5, is 47 ; writing again the 7, and 
keepiDgthe4to beadded tothe next product; then 6 
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times 2, is 12, and 4, is 16 ; when writing the 6, and keep- 
ing 1, and proceeding thus to the end of the number, we 
obtain at once the same numbers that appear above, in the 
« £nal result. This mode of proceeding is therefore the 
usual mode of operating, with each of the number^ of the 
&ctor that is chosen, for the purpose of taking the mul« 
tiptes of the other by it ; for which, as said befpre, it will 
be b^st to choose the smaller one, because it gives the 
shorter example in writing. 

§ 31. When both factors are compound numbers^ 
it^ evident that the multiplication of each of the num- 
bers of the one, cannot be made at once with all the num- 
bers of the other ; therefore we must proceed with each 
number of the one factor, exactly as shown above with the 
single number ; and in order to give to each individual 
result its proper place, we must begin to write the first 
number of each product on the right hand side, exactly 
under the number of the multiplier of which it is the pro- 
duct ; as its proper unit. The sum of all these partial 
products is then made, by ^e addition of all the numbers 
in the regular order in whicn they stand under each other, 
as this has been done in the preceding example, with the 
partial products of the simple number. 

This will be shown in the following example, in which 
it is required to perform the multipUcation 174392 X 6435; 
writing the factors properly under each other, so that the 
units stand under each other, and the other numbers fol- 
low in their regular order, the successive results in their 
psoper places, lyill be as follows : 

174392 
6435 



871960 
523176 

697568 -^ « 
1046362 



1122212520 



« t..4 



«V. '-•• v-^- < 



In ihls manner, every example, whatever quantity of 
figures It may be composed of, win stand. 
3* 
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If any of the figures in the number to be multiplied, 
ivfaich is called the multiplicand, should be an 0, its product 
into any number whatsoever, is = ; because times any 
number whatever, always indicates that the number is not 
there ; the place will, therefore, receive only that number 
which may be carried over from the multiplication of the 
preceding number, and if none be carried, only a 0. 

If an 0, occur among the numbers by which the multi- 
plication is to be performed, or the multiplier, the whole 
row of figures to be multiplied by it producing a result = 0^ 
the place where thb first number would stand will only be 
marked by an 0, and the mulfiplication by the next follow- 
ing number is begun in the same row, immediately after, 
thus placing each result in its proper place. 

The ToUewing example will explain both the above 
cases, where the effect of the two O's, in the multipher is 
shown by the removal towards the left of the two latter 
rows of figures. 

. ' 3603904 
50803 



10811712 
72078080 
180195200 

180926792512* 

§ 32. It will be proper to exercise the scholar in a ^^a- 
riety of examples, until he has. become accustomed to the 
operation, and is able to make any multiplication without 
error : the younger the scholar may be, the easier the ex- 
amples must be in the beginning, and must gradually in- 
crease in difficulty, by the combination of different cases, 
in larger numbers. Still, in this it is to be observed : that 
when the beginnier has performed examples gradually with 
the whole series of the- nine simple numbers, it will be 
propeV to show him only, what is the efiect of a compcr::d 
multiplier, as a repetition of the similar operation of one 
immber only, and the addition of the different partial pro- 
ducts into one whole ; and not to follow servilely the aug- 
mentation by one number, (or place of figures,) that bo 
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may not, as often happens, consider that he has every 
time a new difBcidty to overcome ; hut must himself c(HXie 
to the observation, that multiplication by a number of 
places of figures is a mere repetition of the operation he 
imows, requiring nothing but a little more attention, and 
more accuracy in the placing of the figures. 

E^amples.-^Execnte the following multiplications : 
1st. .653 X 781 = 7th. 90184X1097685= 

2d. 5032 X 683 =c 8th. 340769 X 5946817= 

3d. 749 X 903701 = 9th.v 99987642 X 3246^= 

4th. 6094 X 76790838 =» 10. 89736X65820934= 

5th. 89048 X 109373859= 11. 596X348962547= 
€ th. 96638 X 9896076324« 1 2. 978 X 804060789 = 

§ 33. DITISIQN, is an operation the opposite ofMul- 
iipUcationy as has already been stated; its problem is 
therefore: to find how many times a given number is 
contained in another given number, which is thtis consi- 
dered as a product of the first and the quantity sought. 

The table of products, or' multipHcation table, given 
iil>ove, may therefore be here applied inversely ; a ready 
and habitual knowledge of its results is therefore also con- 
stantly applied in this rule, by the comparison of its results 
with Uie quantities pressenting themselves in an example. 

tVhile all the preceding operations have begun at the 
unit, this on the contrary'must begin by the highest num- 
ber, or order of symbols ; for the greater number of times, 
which one quantity may be contained in another, is neces- 
sarily to be talsen out, or considered, first, the inferior 
numbers will then follow in their regular order, and keep- 
ing account ef the value of any remainder from the pre- 
ceding operation in its proper rank, as in the following ex- 
ample, which we shail express in the tnamier that has 
been shown in section 20, in order to accustom the learner 
to retain the systematic language of the operation itself, 
which is always the prefemble method, and maintains the 
necessary, order in the calculation. With this view we 
shall draw a horizontal line under the dividend, under 
vhich we shall place the divisor, and the result, or quo- 
tient, will be written on the right hand side of the sign of 
^equality which follows them? thus: 
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842316 



= 280772 
3 



842316 



24 
24 



23 
21 



21 
21 



6 

G * . 



Here we say, 3 in S, is contained twice, and having writ- 
ten the 2, as the first number, to the quotient, we must 
make the product of it by the divisor, write it under the 
corresponding number of the dividend j and subtract it 
from this ; this product being 6, in this case, the subtrac* 
tion leaves 2, as a remainder. Now, for the sake of easier 
distinction we place the next number by the right side of this 
remainder, which being 4, gives for the next number to be 
divided 24. Now 3, is in 24, contained 8 times'; placing 
the 8 in the quotient, multiplying the 3 by it, the product 
of 3 times 8, placed under the 24, being also 24, leaves 
no remainder ; placing the next number 2 down, we find, 
that 3 not being contained in it, we must indicate this by 
an 0, in the quotient, fbr the rank or order of the numerie 
system corresponding, which being done, the next num- 
ber, 3, is taken down to the right side of the 2, which 
making 23, we say 3 in 23, will be contained 7 times ; 
writing the 7 in the quotient, multiplying the 3 by it, and 
subtracting the product 21 from the 23, we obtain the re- 
mainder 2 ; taking down the 1 which gives 21,^ we say 
again, 3 in 21, is contained 7 times, and the product 3 
^imes 7 being equal to 21, leaves no remainder ; lastly, 
bringing down the 6,, we find 3 in 6 twice, and writing the 
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2 m th^ quotient, and subtracting its product by 3, from 
the 6, leaves no remainder, and we obtain the exact quo* 
fient 280772. 

Division being the opposite of multiplication, we have 
the means of proving this result, by the multiplication o( 
the quotient by the divisor ; the product of which must be 
equal to the dividend, as is evident from the definitions 
given of this operation. 

Writing then the divisor under the quotient,- and per* 
forming the multiplication, the product resulting will be 
equal to the dividend, if the whole operation has been 
rightly performed.* 

§ 34. If the divisor is not contained an exact whole 
number of tiibes in the dividend there will remain at tho 
end of the division, a number, smaller than this divisor, 
which'is called the Remainder. In order to indicate fully 
ti]!e actual result. of the division, this number is yet to be 
placed at the end of Uie quotient, with the divisor written 
under it, and a horizontd line between them, to indicate 
that this division should yet be mad^ 
'. Such numbers as indicate a divisicNf;! which CQimot be 
executed, are called Proper fractionsy while every diyision« 
indicated as above, of a number larger than the divisor, is, 
in comparison with these, called 2ca Improper fraction : 
and, when considered in this point of view, the number 
corresponding to the dividend, is called the ^vmerator^ and 
the number corresponding to the divisor is called the De^ 
nominator ; while the quotient, whatever it may be, will 
always represent the Value of the fraction. 

* The divison cuQ also be proved in ^Mr ^^h as : the well 
known proof by 9, which is groanded upOjflBi pfllciples of the, de- 
cimal system ; the addition of the remaincVand the different pro- 
ducts of the individual quotients into the divisor, eaeh in its proper 
rank, which are already written in the operation, and will of 
course produce s^in the dividend ; and others. But it does not 
belongs to ^is stage of instruction to deviate from the simple prin- 
ciptes, to show artifices of calculation which either occur afitec* 
wards of themselves to an attentive calculator, or may be taught 
after a syst^atic course faaui been once gon# through. By such 
lateral deviations frooA the straught simple cojine of the sdence, 
the ideas of the schnlwr are diverted from its simple system U> 
lnef^e accessories, to which he is apt to give an undue weight In h|8 
stadie?, and thereby lose the system of the scietice. 
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This general idea of fractions, the'^origin of which it is 
proper to show here, will hereafter be the fundain^tal idea 
from which the calculation of this kind of quantities is to 
be deduced. 

The follovnng is an example that will show such a divi- 
sion, and the mode of operating in the case. 

Being given to divide 

7B35991 

a 979490^ 

6 8 



72 7835921 



63 

5g 

75 
72 



32 

72 
72 

01 

In t&is example : we see that the first nundier of th^ 
Mghest order being smaller than the divisor, we must taks 
it jointly with the next foHowing number of the lower grade, 
and say : 8^ in 78, Ts contained 9 times; and the 9 is writ* 
ten as the^rsUuidHr in the quotient ; then makiDg die pro- ' 
duct 8 X 9 s= 7z, it aRmtten under the 78, from ^iMiA iC n 
subtracted, and leaves 6, which being written below diefine, 
and the number next following in rank ; the 3, written down. 
to it, gives 63 for the next number, to be divide<f By 6| 
which being contained 7 times in it, 7 being written in the 
quotient, the product 7 X 8 >= 56 is written under the 63, 
the subtraction performed, and the 5 or next following 
number f^ced down to the 7, that remains frohi the sul^ 
traction ; the operation is thus continued^ «ractly as in the 
former example, until when the last number, 1, is set down 
At ihe side oi the.O^ we find that 8 is i|o longer contained b 
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1, and Uier^oi^ write an in the quotient ; having no more 
numhers ii^ the dividend^ we find that 1 ought yet to be 
divided by 8, which we write in the quotient, as stated 
above, | like an unexecuted division, or a Proper fraciien. 

When we make the proof of this example, as has been 
done in the preceding one, we cbnsider the 1 as a remain- 
der, and in die multiplication of the quotient by the divi- 
sor, add it to the product ; so that we would here say B 
times 0, is 0, and the remainder 1 added, gives 1 for the 
first number of the product, exactly as in the dividend, 
and then continue the mult^>lication through the whole 
quotient obtained, as in the former esiample. 

§ 35. When the divisor is a number composed of more 
than one figure, the principles of the operation remain the 
same ; but it becomes necessary to pay attention to the 
efiect of the multiplication of the quotient into the whole 
number of the divisor ; which may render it necessary to 
taiie this quotient smaller than might appear from a mere 
comparison of tlie first numbers of the divisor and the 
dividend ; all the rest of the operation is only an exten^ 
eion of the operations explained in the preceding exam- 
ples; which have been described in detail^ with the express 
view of giving a full explanation of the first elementary 
principles. Reasoning with the same details upon the fol- 
lowing example, the operation of a division, with a divi- 
F mposed of more than one figure, will also be clear. 

I'he following division being given 
64059213 



= 84510 4JI 



768 758 



6064 676080 

— 422560 

3419 591570 

3032 633 



3972 64059213 
3790 

821 
75g 

633 



t 



• 



r 
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Here in considering only the first number of the di?i- 1 
0or, and comparing it with the two first of the dividend, 
we would find 7 in 64 contained 9 times ; but we*must 
take into consideration the multiples of the numbers which 
follow the hundreds in the divisor. The 5 tens, or 50, 
multiplied by 9 would give 45 tens, or 450, and 7X9 = 
63, taken firom 64, would leave only 1, which, considered 
as hundreds, as must be done in this case, would not allow 
us to take the 450 from it. We find, therefore, that the 
quotient 9, is too large. Taking 8, we find that 7 X 8 =s 
5d, taken fi^om 64 leaves 8 as remainder ; and if we con- 
sider now the 58, as multiphed by 8, we find that the 4„ 
which comes here again as hundreds to be subtracted from 
the 8 hundreds can be taken/ away with a considerable re-^ 
mainder. Writing then 8, as the first number in the quo- 
tient, we make the product 8 X 758, and place it under the 
respective numbers of the dividend, so that the product of 
the first number of the divisor, that is to say, 7 X 8 or 56, 
may stand under 64, and the other numbers follow in their 
regular order ; we now make the subtraction, in the same 
manner as has been oflen before shown, which leaves 341 
as remainder ; as this is less than the divisor it also proves 
that no greater number could have been taken for the quo- 
tient ; to this we join, as in the preceding examples, the • 
number of the dividend next afler those used in the last 
snbtraction, which is here the 9 and present thus the total 
number 3419. We now proceed as before to compare the 
products of 7 with the 34, as the number presenting itself 
here for division, in the same rank as the 7 of the divisor ; 
this shows 4 as tiie nearest factor producing with 7 a mul- 
tiple, 28, inferi(^ to 34, and leaving 6 as remainder, while 
4 X 58 giving only a* 2 to carry to the place of the hundreds, 
leaves sufiicient room for the subtraction of the whole pro- 
duct ; we thus obtain the remainder 387, that is again 
smaller than the divisor'; and placing after it, the next ibl- 
lowing number of the dividend, the 2, we say first 7 into 
38 is contained 5 times, and the product, 5X7 = 35, tak- 
en from 38 leaving 3, the product 68 X 5, giving only 2 
to carry to the place of the hundreds, will leave a Sufficient 
quantity for the subtraction ; the 5 being placed in the quo- 
tient, and the substraction of its product performed, we 
have.the rdfoainder 82 ; then placing rtie 1 down after it. 



.>69^l1ill^B2;l conlains the divisor, eyi4<»)tiy, oziiy once. 
_ I m the quotieut, the subtraction of 75$ fi-om 821 
leaves 63 ; when the last figiire, or 3, is written after this, 
the number 633, that results, being less than 758, the lat- ^ 
ter will not be contained in it ; this gives an m the quo- 
tient, for the last whole number ; and the unexeciUfible di- 
vision m as' a fraction or remainder ; as in the second ot 
foregoing example. 

The proof of this exatnple ia again made in the same 
manner as in the last ; multiplying 84510 Y 758 and add- 
ing 633 to it, the dividend will again be obtained, as seen 
in the example. 

^The remark which has been already miade, upon th6 
propriety of practising any of the elementary operations 
until a competent dexterity is acquired, of course, also 
applies here. 

The detailed maimer shown here, is what is usually 
called long division ; and even experienced calculators 
may often find it proper to apply it, when the nnmber of 
places of figures in tiie divisor is great. 

§ 36. For common calculation it is often desired to 
spare writing out the. numbers for the subtraction, and 
writing only the remainders. This is carried on as in the 
following example. 

Given 9460763 



= 10763^^V 



879 879 



6707 


96867 


5545 


75341 


2713 


86104 


76 


76 



9460753 

Here the divisor is contained once in the three first 
numbers of the dividend ; the 1 beiag placed in the quo- 
iieafkty the subtraction is immediately made from them, and 
only the remainder placed below ; which being 67, anit 
the next number of the dividend, the 0, being put down ip 
it, the divisor, 679, being larger than 670, the next number 
4 . 



• 
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in the quotient becomes a 0. After whting it, the next 
number, the 7, 10 taken down from the dividend, and in the 
resulting 6707 the divisor is contained 7 times. Now the 
divisor is multiplied by 7, and the subtraction of the product 
made in the memory immediately, and again only the re- 
-maia^ written down ; thus : say 7 times 9 is 63, subtract- 
ed from 67, which the number above must be supposed 
to represent, in order to allow the subtraction of the pro- 
^liuct of the unit or first number, leaves 4, which is written 
down as a remainder under the 7 ; the 6, which the number 
.m the neit higher rank has been supposed, is kept in me^ 
moiy, and added to the next higher order of numbers, 
with which it is then again subtracted ; therefore, . con- 
tinuing the multiptication, we say : 7 times 7 is 49, the 6 
jkept being added makes 55, that subtracted from 60, which 
we suppose to be the jiumber above, having the in the 
first place to the right, the remainder, 5, is written under 
Ihe 0, and 6 is kept to add to the next following product ; 
for this we now say 7 times 8 is 56, and 6 carried is 62, tak- 
en from 67 leaves 5. Bringing now the 5 from the dividend 
down to the remainder 554, we have for our next dividend 
5545, for which we say.: 8 in 55 is contained 6 times ; and 
as 6 X 8 ^s 48, leaves 7 in the place of the hundreds, for 
the carrying from the products of the lower numbers follow- 
ing it, the remainder is evidently large enough to allow the 
eubtraction of the whole product ; so we say again, 6 X 9 bs 
54, from 55, leaves 1 ; write it, and carry 5 ; then 6 X 7=3 
42y and 5, is 47, from 54, leaves 7 ; write 7 down, and car- 
ry 5 ; lastly, 6 X 8 = 48, and 5 is 53, from 55, leaves 
2 ; the remainder, presents therefore, 271 ; to which the 
3, as next lower number in the dividend, being written, we 
find 7 in 27 is contained 3 times, or 3 x 7 = 21, leaves 
6 ; a sufficient remainder in the. hundreds, for the canying 
of the product 3 X 79 ; so we say again, 3 X 9 = 27, 
from 33, leaves 6, and 3 to carry ; then 3 x 7 = 21, and 
3 added gives 24, from 31, leaves 7, and 3 to carry ; then 
3 X 8 s= 24, and 3 is 27, which subtracts without a re- 
maadettf from the 27 above ; and leaves the remainder 
76, to which we have no other number to set down from 
Ihedlfiiuint therefoi^e gives the numerator of the proper 
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fro^tionremainiiig, thusj^^, is a division Ihat cannot be 
executed with our present means.^ 

In the manner the reasoning has been carried, in thisi 
example, every other more complicated case is to be exe- 
cuted; it is therefore expected that it will suffice to in^ ' 
troduce the learner into the practice of tiiis melhod. 
' Examples. — Execute the following divisions^ 

1st. 34198 7th. 85430072 





72 


2d. 


64059 


^ 


38 


3d. 


980409 




84 


4th. 


7260991 




96 


5th. 


197403019 




107 


6th. 


30409675 








954 


8th. 


186163042 


' 


3964 


^th. 


9860725314 




999 


10th. 


3846721957 


\ 

% 


4099 


JSi. 


1402376205 




90918 


12th. 


904763825 



3692 



994703 



CHAPTER IT. • 

Of Vulgar Fractiotu. 

§ 37. We have seen already, in section 21, and at the 
end of Division, tnat fractions are unexecuted divisions ; 

* The proper fractioQs are still purposely here represented as 
nnexecutable dlTisions, became the preceding operations in whole 
number^ do not famish any means for such a division. We shal) 
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Vfe have also seen, that in consequence of this, they con- 
sist of two parts, corresponding to the two parts or num- 
bers engaged in a division ; their form, or the manner of 
^vriting them, we have seen to arise naturally from the di- 
vision, when a number remained ultimately in the divi- 
dend, which was smaller than the divisor, or the number 
by which it should be divided ; we have there already ob- 
served, that this constituted a Proper fractionyVflule every 
division whatever, expressed in the same form, was an 
Improper fraction, as it would naturally be called, from its 
still containing the divisor a whole number of times. 

' The number above the horizontal line, (as seen in sec- 
tion<64,) which corresponds to th^ dividend, is called the 
Numerator of the fraction ; and the number below this 
line, corresponding to the divisor, is called the Denomina* 
tor of the fraction ; thns considering the first as indicating 
th^umber of parts taken, and the second as indicating 
the value of the parts, or giving the name to the parts* 
By this means any firactioa may evidently be represented 
as, (or rather these considerations show it to be actually]^ 
the product of a whole number, into uiiity divided by an- 
other number; thif letter consideration charapteriises 
them as , a particu^land of quantities, in the same 
manner as the diflfer^); places of figures characterize 
units, tens, hundreds, and so on : we &us evidently have 
(expressing the above reasoning according to the forms 
and signs adopted) for an examj^e, 

18 — '^18 

where 7 is flie numerator, counting the parts, and 18 the 
denominator, showing these parts to be eighteenths of the 
unit And the value of these parts may evidently be as 
much varied as the numbers themselves ; therefore ihpj 
have not, like the numerical system, one necessary and 
uniform law of connexion. 

§ 38. From these considerations of the principles and 
nature of fractions, the following three fundamental pro- 
positions for the arithmetic of fractions^ naturally follow : 

afterwards ahow, how these values mstf be exp re ssed ^ either ex- 
actly or approxixaately, by a contiaaed divisioa, aad an eitoadon 
ef the decimal syfltem, bebw the unit ; that is to vay, ht <i<>cimal 
fraetiom. 
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Proposition i. As many times as the JWrnterolor of a 
fraction is made larger or smaUevj the Denominator remain- 
ing unchanged f so many tim>es the Vidua of the fraction iff 
made larger or smaller. 

For : by multiplying the numerator by any number, thew 
are as nhtmy times more parts taken as this niimber indi- 
cutes ; and in dividing it by any number, there are as manj 
times less parts taken, as the number indicates ; in the first 
case, therefore, the value of the fraction becomes €u mamf 
times larger, and in the second, as many times smaller j as 
the number used in the multiplication, or division, indicates* 

13 X 7 7 
Example. ^ = 13 X according to the 

18 18 \ 

same reasoning as in the preceding section* 

7:97 

And = : 9, according to the same* 

18 18. 

9X3 3 3:9 3 

Or = 9X and «-.— :9 

16 16 16 16 

&nd so in every case. 

* Proposition ii. *As many times as the Denominator of 
a fraction is made larger or smaller^ the Numerator re- 
maining vnchangedf so Toany times the value of the frao* 
Hon is made smaller or larger. 

For : the denominator being the number by which the 
unit is divided, as many times as this number is multipUed, 
so many times the unit is divided into more parts ; and 
therefore, the parts becoming as many times smaller, an 
equal number of them represents a value as many times 
smaller ; that is to say, the value of the fraction is as many 
times smaller ; and inversely, when the denominator is dT- 
vidttd by a number, the unit is divided by a number as 
many times, smalls as this ctivisor indicates ; therefore, 
•the parts become as many times larger ; and the value of 
the fraction becomes as many times larger ; all under the 
supposition : that an equal number of these parts be taken 
lief<H« and after the operation* 
4* 
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7 7 

Example. is 18 times smaller than -'— — be- 

18 X 13 • 18 

cause the 7 is divided by a number 13 times larger than 18; 

1 1 

or we have, 7 X ; 13 times smaller than 7 x t 

18 X 13 18 



7 7 % 7 

and = — — — is 9 times larger than — 5 

18 : 9 2 18 

because the 7 is divided into parts 9 times larger ; 

1 1 

or, we have, 7 x — — ; 9 times smaller than 7 x — 

18 ^ » 

Pr6position III. When the Numerator and Denomina- 
tor of a fraction are both multiplied or divided by the 
same number, the Valueof the fraction remains unchanged. 

This is an evident consequence of the combination of 
the two preceding propositions ; they show the effect of 
the multiphcation and division upon the numerator and the 
denominator, to be exactly opposite, and therefore, when 
performed with the same number, they exactly compen- 
sate each other ; that is to say : as many times as the Val- 
iue of the fraction becomes larger or smaller, by the ww/- 
tipliecttion or division of the JVumerator of the fraction, so 
many times it becomes again smaller or larger, by the 
mult^lication or division of the Denominator, 

7X9 7 7:9 

Example, — ==» — = . 

18 X 9 18 18-: 9 

where the mutual destruction of the effect, of the two 
operations, is self-evident. 

The two first propositions solve^ directly all multiplica- 
tion or division of fractions by whole numbers, in a dou- 
ble manner ; for we have, evidently, every time, the choice 
between two operations, each of which may, according to 
the case, present a preference in the individual application. 

Tbe third proposition will evidently fumisk us the mewasi 
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to radtice fractions from one denominator to (certain other 
ones, in order to obtain the fractional parts expressed so 
as to be adapted to certain purposes in the operations of 
arithmetic, without changing their value. 

§ 39. The investigations of section 37, have shown 
fractions to be equivalent to the product of a whole num- 
ber into certain quantities expressed in parts of the unit ; 
when thus representing quantities of different values or 
kinds,* they have-ilRfierent denominators ; their numera- 
tors therefore cannot be taken into one sum, or difference, 
without previous appropriate changes. By the third of 
the foregoing propositions, we have obtained means to 
make such chafes, without altering the value of the frac- 
tions. The aim of such a change, must evidently be to 
obtain the same denomination for both, or all the fractions* 
whose sum or difference is desired. 

We have seen in multiplication; that it isindifierent 
which of the two factors is multiplier or multiplicand, thi^J 
shows that equal denominators may be obtained for two . 
fractions, by multiplying the denominators together ; if 
therefore, the numerators of the two fractions are al^o 
multiplied, each alternately by the denominator of the 
other, the value of the fraction will remain unchanged ; 
according to the third proposition above; and if more 
fractions are concerned, considering the first result as one, 
and operating upon it in conjunction with another, exactly 
in the same way as before, and so on to the end, a result 
is evidently obtained, that applies to any number of frac 
tions. This furnishes us with the following general rule. 

To reduce fntctums to a common denominator ; m^Uiply 
the numerator and denominator of each fraction by all the 
denominators except its own; then all the fractions will 
have the same denominator, and the numerators will be 
such that the value of the fractions win not be changed. 

7 3 

Example. •— and ^- reduced to the same denominator 
16 14 

7 X 14 3 X 15 98 46 

wiB give, » and — — - ; or — — , and — • ; 

14x16^14X16 210 aiO 
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where evidently the DenomintUarSy that is the parts of the 
unit implied in .the fractions, are the same. 
Being given to reduce to the same denominator ; 

•12 3 7 

2 3 6 8 

we evidently obtain, step by step, the following results ; 
from the two first, 



2 


3 

and 

X 3 


2X2 
3x2 


3 

or — 
6 


4 
and — ; 
6 


from these a!hd the thitd : 
3X5 4X5 3X6 


15 

» or — ; 
30 

18 X 8 


20 


6x5 6x5 6X5 
from these and the last, 

16 X 8 20 X 8 


30 
30X7 




30 X 8 


30 X 8 


30 X 8 


30 X 8 


np 


120 


160 


144 


210 



18 
30' 



240 240 240 240 

Here quantities of the same kind, are evidently obtained ; 
say equal parts of the unit, only in different quantities ; 
such as correspond to the new numerator, and produce no 
change in the Value of the fraction, according to the prin- 
ciples stated ; for, according to what has been seen above, 
these fractions might be thus written : > 

1 1 11 

120 X ; 160 X ; 14^ X ; 210 X - — ; 

240 240 240; 240 

Examples. — Reduce the following fractions to a com- 
mon denominator. 

1953 53479 

1. ^; _; — ; ^; 7. ^5 _; _. _; ^, 

6 11 7 8 8 10 9 12 11 



6 2 3 13 1 17 

9 3 5 4 9 3 5 9 



■Av. 
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J .8 7 3 5 7 9 19 

5 8 9 11 9 8 « 10 24 

4 5 6 3 -57325 

7 9 11 8 6 9 4 5 9 

9 2 5 4 13 5 ^9 6 13 

10 7 9 V 5 7 11 6 14 7 14 

327 1 '46789 10 

*»• ^" f "~ »• •"" f """ f lA "•» ^^» ■■ » ^^ » » » 
7 9 16 6 5 7. 8 9 10 11 

§ 40. It is evidetit from ihe above, that fractions can- 
not be reduced to any denominator indiscriminately, if 
as it is proposed in common arithmetic, the numerators or 
^ denominators shall not themselves contain fractions ; that 
therefore the new denominator must be a multiple or a 
quotient, of the former denominator. 

If it shoidd become necessary to take whote numbers 
under the same ^nsidteration, it will easily be judged, . 
"^ from whitt has been said> that they must be considered as 
having the denominator, 1, and such indeed they are, for 
the unit is their measure, as to quantity ; like any other 
denominator in a {fraction, 

34 1 • 

E»mmle. 34 = — = 34 X — ;^ 

1 1 

For : every whole number whatsoever, must be considered 
as multiplied by 1, really to be a quantity ; if it was mul- 
V tiplied by 0, it wodid be said not to be at aJl, as 0, denotes 
the absence of all quantity ; and if multiplied by any 
otbier number, the product would be another number, cor« 
respohdii^ to this multiplier. 

4 41. The continued multiplication of^ all the denorai- 
natoirs evidently leads into large numbers, both for the 
numerators afta the denominators, which it is desi^tble to 
avoid wherever possible; this will be the 'case when soiae 
of Ihe. denoij^ators are products of the same number 
wif|^ (fifibretit numbers, or have what is called, Pommon 
fail6ir$ ; these dre thereibre not necessary to be repeated 
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in the continued product of the denoounators, which fur- 
pishes the new denominator, as the above example already 
shows, where ^ and 8, are products of 2, the first by 1> 
the second by 4. 

The following problem and its solution, which will best 
be explained immediately by an example, will lead to this 
result. 

Problem. * To find the snudlest nfim6er which tcill be 
divisible by several other given numbers^ 

Solution. Write the numbers aflter e^h other, 

as: 3:4:9; 10 : 21 ; 35 : 12 



1 , 4 , 3 , 10 , 7 , 36 , 4 
1 , 1 , 3 , 10 , 7 , 36 , 1 
1,1,3,2,7,7,1 
1,1,3, 2 . 1 , 1 , 1 



3 

4 
5 
7 



take any one number, which will divide several of these 
numbers without remainder, and divide these numbers by> 
it, write the divisor, here 3, on the other side of a vertical 
line ; the quotient obtained under each pf the numbers ; 
write also all the other numbers, that are not divisible, 
down in the line, (as shown here in the second line of fi- 
gures,) with the quotients ; with this new series of num- 
bers proceed as before ; here we find the common divisor 
4, and the third line of numbeirs is obtained ; this line is 
reduced by the divisor 5, and the fourth row of figures is 
, obtained ;^thus the operation is continued in the same way, 
imtil no common divisdr is found ; as in the fifth line of 
the example. The continued product of these quotients 
and the remaining number, which is here 

3X2X7X6x4X3=* 2520 

win be the smallest nuipber divisible without remainder 
by all the given numbers. The units of course disappear 
in the multiplication, as they do not augment the product ; 
they indicate the number of reductions obtained by the 
operation, witibout which the continued product would have 
been = 9526600 ; and these two numbers aro both equal- 
ly divisible by the numbers first given. The proof of this 
operation Ues in this : that those factors that have disap- 
peared, being only such as were rq>eated in (he given 
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nomberSy by these being difl^rent multiples of tfaem, the di- 
"nsion'of the munber obtained by the numbers first giten, 
ivHl always give a whole number ; thus are obtained in 
^e example the following numbers*: 

2520 2520 2520 2520 

= 840; =630; = 280; = 252; 

3 4 9 10 

2520 2520 2520 

«120; =72; = 210; 

21 35 12 

which all present quotientsi, without any remainder. 

§ 42. If therefore firactions, having the above numbers 
for their denoraiinators, were to be brou^t under the same 
denominator^ the quotients arising from the division of the 
new general denominator by all the first denominators suc- 
cessively, will give for each of the fractions the number 
by which it is to be muhiptied in numerator and denomin-- 
ator, to reduce it to that common denominator ; thereby to 
furnish the means to obtain a new series of fractions, 
equivalent to the original ones, and all having the same 
denominator. The following fhictions W9uld therefore be 
changed, as presented by the following operation : 

1 3 2 7 4 8 5 



3 4 9 10 


21 35 


12 


1 X 840 3 X 630 2 X 280 


7 X 252 4 


>^ i«o 


2520 2520 2520 


2520 


2520 


8 X 72 6 X 2M) 


- 




2520 2520 

• 




840 1890 560 1764 


460 576 


1050 



2520 2520 2520 2520 2520 2520 2520' 
Thus the fractions are all brought to present equal parts, 
of a denomination inferior to th^ continued product of the 
original denominators, and capable of being added, or 
subtracted like whole numbers by their tumerators only. 



/-' 
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§ 43. To add fraetipHi ,iQg€ijker. By the pvecediag 
sectioufi the fractions have been brouj^t to a shape wlach 
admits their heing added and subtracted like whole num- 
bers, as these operations have shown how fractions can be 
made to present the same parts, or to be quantities of the 
same kind, without changing their value ; thus the rule to 
execute an addition of fractions, is now easily deduced, 
as foHows : , 

Reduce the fractiam to a common denominatoTy add the 
resttUing new ntmeratorSi and give the 8um the new de- 
nominator, 

1st. Example. Find the single fraction coiresponding to 

,1 7 8. 7X5 8 35 43 

-rf--; this gives:— - + ——«= 1- 7— s=s — , 

5 8 5X8 5X8 40 40 40 

3 - ^ 

= 1 + -~ ; if the division is executed as it can be done. 
40 

2nd. Example. 
a 7 2X9 3 X 7 18 + 21 39 12 * 

3 9-3X93X9 27 27 27 

Here the numerator and denominator of the fractional 
part both admit of division, by 3, and the sum becomes 
byit,^?=l+f 

This appUcation of the third.propositionof section 38, 
is to be made, whenever admissible, at the end of any ope* 
ration upon factions ; because fractions are cdways to be 
presented in their lowest denomination. 

3d. Elxample. Suppose the fractions given to be added, 
upon which the reduction' to the same denominator has 
been performed in the preceding section. The following 
will be the results successively ; being given 

13 2 7 4 8 5 
3 4 9 . 10 21 35 12 



seoA mfdcing thar sum of the xiew deaomiifi^sors obtainecl 
before, we have the foOowio^ addi^cm of whole nmi^ers 
to make, 

840 
1890 

660 
1764 

480 

676 

1050 



7160 

7160 
giving the total Pactional aum, — — which being ai) 

2520 

2120 

improper fraction, gives 2 <-( ; the fractional part 

2520 

is redncible, as followSf by 40, 
40 



2120 

as " 
2520 



53 53 

— therefore, Ihe ultimate sum is = 2 + "*~ 
63 63 



JBronyie^— -Execute 

7 3 6 3 9 12 a5/^ 

8 7 9 14 24 • 16 / .^ <►' 



"N ' /> 



8 3 9 .- j?^ 



2»rf. — + _ + _ + _ + _ + -.c=43^:'_ ' 

11 5 9 11 25 32 ' X. 



1 7 2 17 19 15 16 

27 32 88 42 



^ — -l^r + — + — + — + — + — 

• 5 HB 



9 15 13 14 8 10 6 

4ih. 1 1 h — + 1- — + — 

13 19 21 27 23 34 18 
5 
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7 6 3 5 9 

9 11 16 12 13 

1 2 3 4 5 6 

^h. h — + — + — +— + — = 

5 7 10 11 12 13 

9 12 13 5 8 7 

7tfu 1 1 -I ^_ + -.«i 

11 13 14 10 15 13 

2 5 6 3 4 5 

Qth. _ + — + _•+_+_ + _=: 

13 18 17 19 23 29 

7 9 3 6 21 1 
'm. —4 h — H h h — = 

8 14 17 25 25 9 

2 3 2 7 8 2 

im. _ + _+ — + — + — h — = 

5 8 11 16 19 13 

5 3 4 7 9 
lift. -. + _ + _ + _ + — « 

8 IQ 9 12 11 

13 5 9 6 
12ft. ^ + — +^+ — + — = 
7 11 6 14 13 

§ 44. SUBTRACTION OF FRACTIONS. This 
differs from their addition only in the second part, as may 
easily he inferred from all Uie preceding reasoning ; we 
ohtain therefore the rule : Reduce the ^raetioM to a eon^ 
man denominaior, subtract the new munerators from each 
otheTy and give to the remainder the new ^nomMuUor. 

The proof of this rule is evident ; by mnging the fiac- 
tionsto the same denominator, in the same manner as 
shown in the addition, the of^ration is reduced to the sub- 
traction of the whole numbers, exjiressins the numera- 
tors, as is done in the additioa« 
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iExauj^ TosiibtnctBsiiidicaledheie: 
7 2 3 X % 2 X 9 fll 18 3 1 



3 3X9 3 x9 27 27 27 ii9 
7 17X6 8 36 8 27 



8 6 5X8 6x8 40 40 40 

Which process is evident hj mere inspection, compared 
with the rules, and supported hy all the preceding reason- 
ing. 

l9t. = 7ffk. =5= 

9 16 2 9 

2 3 9 2 

2iui =• 8rt. — =s 

5 8 10 6 

« 3 ' 8 7 
3rf. _ =s gik. = 

7 14 9 16 

4 2 5 2 
Aih. = 10I&. — ' == 

6 11 6 5 

7 2 6 2. 

m. = iie^ « 

8 3 11 19 * 

4 1 » 7 3. 
eiJL —' = ' 12tt. = 

7 3 27 37 

§ 46. The total value of a number of fractions, of 
which some are to be added, and others to be subtracted^ 
may thus be tal^n in one, and under tte smallest den^mil- 



Sft BiriiTftAcxioif or e&M;Ti9»s 



nator ; vi& Am dMhroncft oalj : thai a separate sum is 
to be made of albthe new numerators to be added, and all 
those to be subtQactedi and the^um of these latt^. tp be 
subtracted from the former, for the new numerator* 

The following example will show the process. 

» 

,113 7 6 4 6 8 
3 6 5 15 11 27 18 25 

being ^ven ; find the smallest number divisible by all the 
denommators thus: • 



3 , 6 , 5 , 15 , 11 , 27 , 18 , 25 

1,2,5, 5 , 11 , 9 , 6 , 25 

1,2.1, 1 , 11 , 9 ,. 6 , 5 

1,1,1, 1 , 11 , 9 , 3 , 5 

1,1,1, I , 11 , 3 , I , 6 



3 
5 
2 
3 



the new denominator is, 

= 11X8X5X3X2X5X3« 14860 

the successive multipliers of the fractions are* 

U850 . i4850 14^50 

= 4960; = 2475; = 2970; 

3 6 5 

14850 14850 14^50 

= 990; = 1360? = 650; 



15 11. *r 

14850 14850 

= 825} tt594; 



18 25 



l^orming now the new numerators, iy multiplying the old 
ones by their respective numbers, just found, and bring-* 
ing those that are to be added into one cohmm, and those 
that are to be subtracted ijotto another column, then tAkmg 
11|(^ diif^eiiQe for the remitting nximm^^ we obtain x 
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^^4950 — 
2475 
6930 
8100 
4125 , 


8910 
2200 
4752 


15862 


+ 26580 
— 15862 


• 


10718 
the fraction resulting is therefore : * 

26580 — 158^ 10718 



14850 14850 

» 

This fraction may be still further, reduced ; the mode of 
doing this at once to the greatest .extent, by finding the 
greatest comknon divisor of the numerator and the deno- 
minatory will be shown hereafter; in the example the divi- 
sion by 2 is evidently admissible^ and we obtain by it, 

2 



. 10718 



« 



14850 



5359 



7425 



Though we had, in the above examples, taken the small- 
est number divisible by all the denominators, the ultimate 
fitiction was sfill reducible ; this arises from the individual 
circumstance of the resulting numerator being such as to 
have a multi|^r common with the denominator, in the 
same manner as the denominators, fiist given, had. 

Exmnplu 
3 2 7 13 

7 9 15 6 8 

3 5 3 4 7 9 11 

26 8 10 9 12 11 12 



Ik 
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13 1 17 8 

* 4 8 3 5 9 11 

6 7 9 19 7 5 7 

4. — + - + + — + — =8 

9 8 10 24 16 6 9 

32 5 1 3 5 96 

6. + + + — + _«: 

4 5 9 7 11 6 14 6 

3 43 79 3 611 2 

7 5 U 12 14 8 35. 12' 15 

4 2 3 25 5 711 4 

7^ J ., jL { I 

7 9 14 15 8 12 16 18 5 
342736691 

e 5 9 15 14 21 25 26 3 

§ 46. MULTIPUCATION OF FRACTIONS 

The close connection of the, subject of fractiooisy consi- 
dered as unexecuted divisions, with division ; and conse- 
quently with its opposite, midtiplication, renders the ope- 
rations of multiplication wad ^vision of fractions more 
simple than their addition and subtraetion.* 
For their multq^alion the rule is simplj, 
MidHpUf the mmeraiors into the nmmerataraj and f^ 
ifnommtttora into the detwminatori i the refuUing fraction 
toill he the product of thefroctiorts muUiplied. 

The proof of this rule lies in the first two elementary 
propositions upon fractions, stated in section 38 ; for ; by 
multiplying a fraction by the numemtor of another, XbtB 
fraction has been made as many times larger as the nume- 
rator employed indicates ; but as it was required to mnl- 
ixfiy it by a number, as many times smaller than this 
number, as the denominator of &e firaetion, whose nume- 
rator has bem emjdoyedy indicates, the multiplicatioii of 
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the denominator by the denominator of that fraction mdces 
the value of the resulting fraction just again as man^ 
times smaller ; as is requked. 

7 , 3 
Exaniple. To multiply the fractions t- and — ; into each 

8 10 

7 a 

other; or, to execute -^ X — ; the nadtiplicatioa of 

8 10 

7 3 X 7 21 

— by 3 gives ■ ' ' ■» — ; multiplying then the dei» 

8 8 8 

21 21 • 21 

nominator of — by 10, or making « — ; the re- 

8 8X10 80 

salt is the value of the mnUipHcation desired, 
in like manner the foUowing result is obtained : 

3 6 3 X 6 IS 9 

8 11 8X11 88*44' 
this last by reducing the fraction, by the division of the 
numerator and denominator by 2. 

Examples, 

'35 639 

Is*. — X — = 6«fe. — X ~ X — • =» 

7 8 8 6 10 

4 3 2 3 4 

2nd. — X — = Qth. — X — X -^ =^ 

6 11 5 7 9 

2 6 3 4 5 

,3d. — X — » 7th. -- X — X — « 

3 5 5 7 9 

6 7 4 6 7 

4ft. —X—=; 8«fc--X — X— =s 

11 9 11 13 19 » 



56 DIVISION OF FRACTIONS. 

I 3 7 8 7 3 2 

9th. _ X ~ X — = lOth. — X — X~X — =^ 
5 8 9 13 15 8 9 

§ 47. DIYISION OF FRACTIONS. According to 
tho principles and propositions presented in the beginning, 
division mky evidently be performed. by dividing the nu- 
merator of the dividend by the numerator of the divisor^ 
and the denominator of the dividend by the denominator 
of the divisor. But as this operation would often give 
fractional residts for the new numerator and denominator^ 
It is not es^iloyed ; and the principle : that division is the 
inverse of multiplication, is here made use of^ in concord- 
ance with the^o first propositions respecting fractions, 
shown in Section 88, from which is deduced the following 
rule: 

MMiply ihe numerator of the dividend by the denom" 
nator of the dMaoTj and the denomifVator of the dividend 
by the maneraior of the divisor ; the first gives the nunu- 
rotor f the second the denominator of the resulting frac» 
turn ; or the quotient* 

To prove this, we need only invert the reasoning used 
in Multiplication ; by mul^plymg the denominator of the 
dividend by the numerator of the divisor, the firaction has 
been made as many times too smaU, as the denominator 
of the divisor indicates ; and by the multiplication of the 
numerator of the dividend by the denominator of the di- 
visor, the value of the fraction is again made as many 
times larger ; so that the ultimate result presents the real 
value of the quotient. 

4 3 4 3 

£x. To divide -* by - ; or to execute -* : - ; we obtain, by 

5 8 5 8 

the multiplication, of the denominator of the dividend by the 

4 

numerator of the divisor three times smaller 

6X3 
4 
than -, and eight times too small ; multiplying therefore 
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the numerator of this result by S, the denoioin^tor of 
the dirisior , we obtain^ 

4X8 32 2 

« - « 2 + - 

6 X 3 15 1» 

this last again, like in a former case by dividing the nu- 
merator by the denominator apd keeping only the remain* 
der as a fraction, as the result presents again an improper 
fraction; that is to say, the fraction 



8 / 2\ 4 

— is contained I 2 -f — I times in the fraction — w 
8 V 15/ • 6 

It is evident, that the result of such a division may give 
a whole number, as well as the divisi<m of whole nunH 
bers may give ; for a fraction can be contained a whole 
number of times in another fraction, as one whole nun> 
ber in another. As for example : .. 

3 1 3 X 8 24 

4 a 4 4 

We may also proceed by the principle of the third pro- 
position alone; namely, the reduction of a fraction with- 
out changing its value. For that we tnust write the iur 
tended division fully out in4he form of a fraction, in nu- 
merator and in denominator ; so the example above wouM 
stand, 

4 

4 8 

5 8 

8 
When we multiply h^^e, the numerator and. denomina- 
tor, by the denon&ators of the individual fractions, we 
shall compensate the ifivisors or denominatorB of die in- 
dividual fractions, and have the numerators affected, alter* 
m^ely, the one by the muUyplication qf the dfiBominat,<'r 
of mid othex thcffi : 
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8X4 



5X8 8X4 d;S 2 



3X6 8X6 15 16 



5X8 

For in bringing thefractio;& to the same denominator, 
these denominators of course compensate in numerator 
and denominator, as shown in the tlurd Propositioiit 

Examples. 

• 6 3 9 4 

Ist. = eth. = 

8 11 16 15 



2nd. 


4 8 
6 •'IS 


7I&. 


8 1 
11 9 


3d. 


7 1 

10 8 


8IA. 


2 2 
9 13 


m. 


9 5 

iir 9 "" 


91^ 


• 9 8 
10 13 


5ih. 


6 4 

7 9 


lOih. 


11 3 

12 6 



§ 48. It is prefer here to add some remarks upon the 
manner of proceeding in certain cases, to fecilitate the 
calculalioD of fractions, as much useless and tedioUs cal- 
culation may be avoided by some attention to the relation 
of 'the numbers given, and the reductions which they may 
thereby present ; this operation, by easing the cakidationj 
will also make it less liable to mistakes. . 

First. If any given fraction is not reduced to its sim- 
plest expression, it is proper to reduce it previous to per* 
formiog the operations lequired ; i|^ for example : 
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3 4 6 
It being given to make — + — + — f the fractioiui 

12 20 ' 18 

are immediately to be reduced by the equal diWsions of 
numerators and denominators,, that are evid€y|tly possible, 
to the following : ^ 

1 1 1 

— + — + — 
4 6 3 

. which are then to be added according to tiie principles 
. above given. 

Second, In the multiplication or division of fractions 
it may occasionally occur, that such multiplications or di- 
visions as would compensate each other in the ultimate 
result, may be avoided by some attention, and that such 
advantage may be taken of the relation of the numbers 
that may at once effect a reduction by a division of the 
one term, instead of a multiplication of the other ; as 
for instance : 

3 4 
— X — ; the denominators of each being respectively 

8 9 

multiples of the numerators of the other, the multiplica- 
tion is useless, and the division may be made alternately, 
the 4 being contained twice in 8, and the 3 thrice in the 
9 ; so that it call be written immediately, 

111 

3 2 6 

3 6 
or in division for example ; given — : — which inverted 

5 26 

3 26 

into a multiplication as, — X — ; evidently presents, for ' 

5 6 

1 5 

the siame reason as before, — X 6 = — ==2 +| 

2 9 
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§ 49, REDUCTION OP FRACllONS. This 
mu8t be done accoNfoig to the piinciples of the third pro- 
position of section 38, and maybe effected: either by 
sneeessively divi^&igin numerator and denominator, by 
such fractittiB na are observed to divide them both with- 
out remaiRer ; or at once, finding first the greatest com^ 
man meamre between them ; as it is evident that the great- 
est divisor must produce-at once the greatest possible re- 

duction. .-11 

The former may often be easy for an experienced cal- 
culator ; it is for instance easily seen that all even num- 
bers are'divisible by 2 ; all those ending by 0, or 5, by 5 ; 
the division by 3 is often easily discovered ; &c. 

So for example may be done with the following fraction, 
where the successive diviffl>r8 are miurked above the par- 
tition line between the successively reduced fractions. 

10 2 7 '3 



1260 126 63 9 3 



2940 294 147 21 
I I 



or 



9 4 6 



1296 



3888 



432 
1296 


216 

648 


24 
72 


6 

18 



To make the reduction at once the greatest possible, 
requires at first to find the greatest nmnber that will di- 
vide both ' numerator and denominator without remainder, 
which is what has just been called the greatest common 
measure, thence the solution of the following 

pBiOBLEM. To find the greatest common measure of 
two given numbers. 

In order to present the principles of this operation m 
the clearest lights it is best tb represent the twq quantities 
as two linear dimensions ; this may evidently be done, as 
any quantity may be represented by a line containing as 
many units of measure, as the number itself contains units 
of abstract quantity. 
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Let therefore the two lines w9£, and GO^ reprntent tho 
twonumbersy 

a b e f 




It is clear that there can be no greater number that \vill 
divide the two numbers, (or no greater line dividing the 
two lines,) without a remainder, than the smaller number 
(or line) itself; dividing therefore the greater number by 
the Smidler, (or taking the smaller line from the greater, 
as often as possible,) as^in the above CD =Aa =06 = 
bcf or three times, the cB remains, smaller than CD ; 
which presents therefore the remainder not divisible by 
CD, and smaller than it 

But the number which can divide both *^B and CD, 
without remainder, must also divide this remainder cB ; 
it must at the same time also divide CDfj&a in that case it 
would divide its equal Aa, a6, and be ; therefore, between 
these two cB and CD ; the same reasoning, used above^ 
applies again ; namely : that they can have no greater 
conunon measure than the smaller, or cB, itself; therefore, 
divide CD^ by cJ^ ; let u^ su^ose, that as in the figure it 
is contained twice in it, or cB = Cd =^ dg, and leaves 
again the remainder gD, smaller than cB ; between this 
' remainder and the former divisor, or the gD^ and the cjB, 
the same reasoning takes place as before, their greatest 
possible common measure could only be the gD, itself; 
dividing therefore the cB, by the gD, and supposing it is 
contained exactly twice in it, or gD =i cf^a jB, and that 
it leaves no remainder ; then this gD, that is the last divi- 
sor, will be the greatest common measure possible, be- 
tween the two numbers represented by AB, and CD ; (it 
may be observed, that this operation is to be continued, as 
long as a remainder is obtained by these successive di- 
visions.) 

Because the gD, measures the cB, without remainder, 
and this cB measures the Cg, the gp measures also the 
CD ; the Jtc being a multiple of CD, ia therefore also 
6 
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• 

tnetforad by gj>, and the other part of jSB, namely cS, 
being alao meatured by it, the whole AB is measured by 
gDf which meaiores ako CD ; therefore^ it is their com-- 
«efi measure, and as we have always proceeded by the^ 
greaUgi mmhery which possibly could divide the two num- 
bers successiyely given, it is also the greatest commum 
nieoevre, as was required. 

If no divisor is found, except the unit, the two numbers 
have no greater common measure ; that is, they are Prime 
to each other. 

To apply this to numbers, let the fraction given be the 
following ; 

45 
■ ■■ dividing the denominator by tfie numerator, the last 

153 

being dways the smaller number in a proper fraction, (of 
wfai^ alone there can here be question, because an im- 
proper fraction must first be reduced, by dividing by its de- 
nominator) we make the result of 

163 18 * 

•— — ' =: 3 ^ that is: we obtain the first quotient 3,,and 

45 ; 46 

18 
the remainder — ; this fraction inverted for the similar di- 
45 

45 9 

vision^ and the divi6i6n executed gives — » 2 -|- — ; or 

18 18 

9 
the quotient 2, and. the remainder — ; which treated as 

18 
18 • 

above, gives — » 2, as last quotient wi&out a remainder ; 

9 
and proves the last.divisor 9, to be the greatest comrnatt 
measure f and in foct we find that 9 is in 45 five times ; 
in 153, seventeen times ; so this applied to the figure 
would say, that, gD, is equal to nine of the units used in * 
the measurement of j9B, and CD. From this we obtain 
for the operation of the greatest reduction of the fractioou 
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4B: 9 5 

' BBS — ; ni^hich can be no farther divided, or redaced. 
153: 5 17 
In the usual mode of writing; this example ivould stand 

thus : 

46)153(3 • 

18)45(2 
9)18(2 

24598 75844 

IsU 2fid. — 

44226 150579 

42986 ' 61047 

4/A. -.—— 5fh> — — ^ 6tt. 
72598 • 77373 

2209 465 693 

fth. — Sth. 9th. 

15063 1302 1815 

§ 50. If by the foregoing process, no number is found 
£viding any one of the remainders, successively resulting^ 
Mitfaout A remainder, except the unit, or the nundiers have 
no common measure ; the fraction is not exactly reducible 
into smaller numbers. 

It is however evident, by the foregoing process : that 
by the successive division, the remainders have become 
successively smaller ; and we might say, in reispect to a 
given case, always less important. 

If the above operation had been interrupted at any one 
of the steps, it is clear, that the part neglected, would 
have been a fraction of ihe last subdivisio^y made by the 
division of the last quotient by the last remainder ; &ere» 
fore, so much the smaller, the farUier this division has been 
carried, and thence the influence of this neglected part 
upon the Value of the fraction so much the less, Consi« 
dering this fraction as only an unit, having the last quotient 
for a divisor, and the preceding quotient as the idiole num- 
ber of these quantities, to niuch this fraction belonged; 
we shall have these reduced to the improper fraction of 
that denominatioAy by multi^yjng this nun^r with the d^* 
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nommator^ and adding the numerator, that is the unit ; 
then consideridg tbis i^iilt again as the denomhiator or 
divisor, multiplying thb next preceding quotient with it, 
and adding the nunib«r obtained last ais the Eftuti^rator of 
the corresponduig fraction, and thus continuing the dame 
process to the, beginning,' through all the quotients ob« 
tained, adding always to the successive products the nu* 
merators last obtained, we shall ultimately have the nume- 
rator and the denominator of a -fraction, app^aching to 
the firaotion which is intended to be aj^roxknated, as 
near jeis the divisions executed wfll ddmit ; that is wi& the 
neglect of only that frtqtkm of the last subdivision which 
has been neglected, as above stated ; for if the division 
was catided fully to the eoAy we. would again obtain, the 
full viedueof die fraction^ as shown above. And, as it 
appearis by the order in Which the division h^ blsen madoy 
namely, the inversion of the numerator into a divisor^ and 
the denominator into a ^vidend, the last number fostslt- 
ing from this continued multiplication will be the denom- 
inator of the approximate fraction, and that obtained im* 
ndiediatdy before wiB be the numerator. /This operation 
may be expressed by the following rule : 

JHoide tkt denominator by the numeratarf and the last 
^i$or by the remainder ; fdwaya marking the quotient j as 
far as the approximation is intended to be carried.; ^as in 
finding the greatest common mesCsure';) then frwn t!ie 
place where me operation is interrupted^ make the continued 
product ofaR th6 quotients j adding uniiy to the Jirst prO' 
ductf and aftenjpards ahDOfus tM l^t previous resuU^ utM 
the Jirst ^tient is arrived at. The last mmiher resulting 
VfiUbe the denominator of the approximate fraction^ and 
the one obtained immediately before^ the numerator. 

BH^mph. li^t the fraction ^y/^ be approximated : 
iMi lirti^ccessive division will give, 

728X4)98215(1 



1678)»38K9 

The sxLe6wm^mppmhtt0i^ i^ be : 



^ - 



miDVCTiosr of fraction?. 
XAafffOTOiiiMivm. =3: 1, or the teotioii 

f successive quotients, 3, 1, 2 
I continued products, 11, 3, 2, 1, 



es 



U 



M 



1 

3 

or — 
11 



Zi 



u 



f successive quotiextts, 3, 1, 2, 1 
i continded products, 15, 4, 3,1, 1, 



or 



4/&" 



5<^« 






3, 1, 2, 1,6 
101, 27, 20, 7, 6, 1, 

3, 1, 2, 1, 6^2 
217, 58, 43, 15, 13,2,1, 



or 



15 
27 

101 
58 



or 



217 



and so on for any subsequent approximation. 
« If the above division had been carried onto the last di* 
visor, or unity, as the numbers are prime to each other, the 
original fraction would have been obtained again, thus : 



3 |l|2il|6|2|50|l 
367459l98215|7^14l25401i22012l3389|l678i33 



5 
38 



1 
6 



1 
3 



2 
2 



the upper line being the successive quotients, and the lower 
the continued products, with the addition of the preceding 
number, (or last numerators.) 

Suppose the following fraction, (to give one more exam- 
ple,) which represents approximate numbers expressing 
the diameter and the circumference of a circle, 

100000000 



314159265 
The division gives as follows : 

100000000)314159265(3 - 

14159265)100000000(7 

885145)14159265(15 
5307815 

882090)885145(1 
3055)882090(288 
27109 
128690 
2250)3055(1 

805)2250(2 

640)805(1 
165 iin* 

6^* .^ 



1 

l9t approximaUon. 3 y I or — 



2nd, 



3d 



4th. 



it 



3 
22,7,1 



7 
or — 
22 



ce 



iX 



i 3 



{ 
{ 

I 3 ,,7, 15,1 
\ 355,113 , 16,1, 1 



8 , 7 , 16 
833 , 106 , 15, 1 



or 



or 



106 

333 
113 

355 



, 15 , 1 ,288 



32650 



^ 102573 , 32650 , 4623 , 289 , 288 , 1 

J^jfcomples* 
794973 



o^ 



1674210 



38125 
516412 



dd. 



»h. 



5967 



18843 
81097 

649331 



6th. 


692 


1817 


Bth. 


888 


2777 


7th. . 


1776 


1823 


M.h^ 


337 



102573 
1016 



-&q: 



9th. 



lOth. 



1827 
1879 



2425 



7714 

in& 

52763 



9864 



12fA. 



759 



37652 



CHAPTER V. 

Of Decimal Fractions^ 

§ 51. In explaining the decimal system of our usual 
srithmetuf, we have seen : that every figure designates a 
mxus&j tm times greckter, wh^ it stoim one place iap- 
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ihtr to the left band from the unit> than when in the phos 
|Heceding it, and therefore conversely, the figure in the 
next place to the right hand is ten times smaller than the 
same figure in the next place to the left of it. 

If we continue this reasoning below the unit of whole 
numbers, and afi;er havmg marked that place by a (,) a^^ 
give denominations to the parts of unit, according to the 
same system, we shall get successively for the resulting 
places, the denonunations of tenth parts, (or j\y) hui^ 
dreth parts, (or t^tO thousandth parts, (or ytszj) and so 
on, to any part or subdivision, however minute, of the de- 
cimal system ; as for instance, 3,45672 would be B units, 
4 tenths, (or ^VO ^ hundretiis, (tIoO ^ thousandths, 
TvV?') 7 ten thousandths, (nr^^^O 2 hundred thousandths, 
(t^Atitj) <* *h® whole would be, 

4 6 6 7 2 

3 4- .^ 4- —— «• + ' J- ■ ■ J. _.«—.». 

10 100 1000 10,000 100,000 

where it is evident that the writmg of the denominators 
can be spared, because the successive diminution of value 
t^ the places is known by the system ; therefore the usual, 
and easiest, way of reading these fractions is, after having 
mentioned the whole numbers, to mention the (,) and read 
the subsequent numbers simply as they occur, leaving the 
denominations out, as understood from the principles of 
the system. We have hence an easy mode of expressing 
any fraction in the same system as the whole numbers, 
either in full or by approximations to any desirable extend, 
therefore minuteness of accuracy. 

§ 52. We have already seen that proper vulgar frac- 
tions result firom a remainder of a division smaller than 
the divisor, as a mere expression of the unexecu^, or, 
by th]3 means hitherto explained, nnexecutable division ; 
by decimal fractions we are on the contrary, enabled to 
* express these quantities, by continuing the division, ac- 
cording to the same law that is used in &e system of num- 
bers ; and all die di£ference between operations with these 
iqiontities, and those with whole numbers, will evidently 
consist in pmntingout the place where the whole numbers 

^4i aA4 these ftoctiond begm ; «iU the rules wbiich will 



' 
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be found hereafter, for the mechanical execution of tue 
four rules of arithmetic in decimal fractions, will there* 
fore merely relate to the determination of the place of the 
decimal iflariu 

To cohtinue the division that is required to obtain the 
decimal fraction, after the number in the dividend has be- 
come smaller than the divisor^ it becomes necessary, to 
reduce the remainder to the same kind of unit which will 
follow in the quotient, and as this will baten tidies smaller, 
the dividend will represent in it a ten times larger num- 
ber ; to do this we have only to multiply it by ten, which is 
done by the simple addition of a (0) on its right hand 
side, this will enable us to continue the division ; as this 
takes place at every step, it is only required to repeat it 
also at every step, as in the following example : 

I^ the division be continued below the unit : 

34721 

•m s= 45,50689T7, &c. 

763 



4201 
3860 
4500 
6850 
7460 
5930 
6890 
649, &c. 

fiere, after having obtained 45 as a whole number, in- 
stead of expressing the fraction -fH as a vulgar fraction, 
an has been added to the remainder 386, which presents 
3860, ^d is agam divisible by the divisor 763 ; at this 
place therefore, or after 45 in the quotient, the distinctive 
mark or (,) was placed, and the division continued, as in 
common numbers, with the constant addition of a 0, to 
eveiy remainder, to make the continued division possi- 
ble ; at the reminder 45, the addition of one 0, niakiqg 
a dividend, 450, still smaller than the divisor, the quotient 
was 0, as in any other division, and the addition of a second 
Q» makil^s 4500 in this dividend, gave the quotient 5> pro- 
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ceeding in all such c^es as has been shown in common 
division; the division, which here stops at the seventh 
place of decimals^ might perhaps continue in this case 
without ever closing. 

§ 53. By die same principle we can express any vulgar 
fraction in decimal fractions, either terminated, or con* 
tinued as far as des&ed, or solve the 

Problem. To reduce vidgar fracHom into decimal 
fractions. 

Put an 0, in the place of the uiiit in the quotient, with 
a (,> after ity and an.O, at the right hand side of the nte. 
meratotf dmte as A comMon dMt&iony adding to e/i^ery re^ 
nudnder an 0,- and contimdng this division as far as de^ 
siredf ir untit recurHng riumhers occur. 

3,0 

Example. — = 0,42867142 

7 






20, ^ 

.60 

40 

50 V , ' 

JO 
30 
20 

6 &c. 
flacing ^e in the quotient, and in the numerator, the 
division is Continued i^ in common numbers, with the 
^Constant addition of a (0) to (he remainder, until we agaip 
meet the sftme quotieiit, 42, and remmnders 2 and 6, 
tdiicfa had been obtaMed at first ; which are called recur* 
rin^ numbers, aiici inmates that th^ same series of num* 
bers wouid repeat ikemeehrtssi ^ and which may therefore 
be done, BsBuas required, without calculation. Such se- 
ries of recurring numbers are called circulating decimals* 
, ' 1 

As a^ example : iiiduee -^ == 6,3^33 I 



16 
Here evidently, vve constantly obtaiii frotp the veijr b^in* 
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ning, the same quotients and remainders ; tke cidcnlalion 
need therefore, not be continued. Of this idnd are a 
number of other fractions, called repeating decimals.]) ~ 
In the following example, we obtain a complete express* 
sion in decimals, ^ . 

40 

— =0, 125 ; which tenninatea the division of itself. 

3 

20 
40 , 

Examples. Reduce ; 

1 7 9 4 2 1 1 1 



f 



8 8 15 5 3 6 6^7 
1 3 93.6 2 37 
4 16 11 4 7 5 8 9 

§ 54."^ ADDITION OP DECIMAL FRACTIONS. 

By the principles explained in § 51, it is evident, that all 
operations upon decimal fractions must proceed from the 
Unit to the lower numbers, or subdivisions, according to 
the decimal sjrstem, below the unit, by the same law as 
above it, and the Principlea applied to whole numbers ap- 
ply equally to Decimal fractions ; the numbers being all 
of the same system, the canying of the individud sums 
will be the same as in whole numbers, and each kind of 
number will thereby stand in its proper place ; therefore, 
^so, the decimal mark will not change its position. If 
any one of the given numbers should have no whole num- 
bers, in order to avoid all ambiguity, the place of the unit 
must be filled with a followed by a (,). Hence derives 
the following Rule. 

Place the numbers under each other^ in such a manner : 
thai the units may stand under the unitSy and all the mim- 
bersy at eqwU ddstancesy to the right, or to the left of the 
units, may faU under each other ; then add (hem as in com- ' 
mon mimoer«, 6egtfimfigf erf the right hand figure^ and 
place the decimal mark in the tssulty under me decimal 
mark of the given nunkkers. 
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JBcompfe. To make tiie sum, or execute : 
3^4612 + 91,34891 

3,4612 
21,34S§1 

^ 24,81011 

The following is an example where the decimak go far* 
ther in the smaller number than in the larger : 

Example of several numbers ; 13,76094 

0,3809673 
142,012 
0,39052 

156,^444273 
Examples. 

la. 3,09047+0,097384 

2nd. 7,914+31,96147+0,0316+0,000754 

Zd. 9,4183+0,9473101 +0,9070407+ 6,0 U 

4I&. 0,0076+0,0106+0,000049+0,000039 

6ih. 0,9047+100,1047+19,735+72,7641 

6<ft. 0,0409+73,9043+2,765+26,30107 

§65. SUBTRACTION OF DECIMALS. The 
principles stated above of course lead ^o in this case ; 
the numbers being written under each other so as to make 
the unit figure the leading figure, each kind of decimal 
will stand under its corresponding one, and the subtrac* 
tion will be in no wise different from that of whole num- 
bers ; observing : that when no lower decimals are in the 
laiger number, from which the subtmction is to be made, 
(these being not written,) they are of course suj^osed O's, 
and the subtraction is made by means of borrowing to the 
left, in the same manner as if in whole numbers there were 
O's, in tiie lower places of figures. This leads therefore 
to the following : 

Rule. Place the niM^ers under each other as in addu 
iion^ (the smaller ftetfig usually written billow th6 larger) 
ond suhtraci as tn common svhiraciiony beginning at the 
right hand figure, and pl<ice the decimal mark in the dif- 
ference under theijecimal mark of the two given numbers^ 
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Exmfk. ^ 3,4^90894 — 2,74962, write t^uis : 

3,490864 
2,74962 



0,741244 



• I 



3,490364 
There being no number to subtract from the first 4, it ii 
unchanged in the remainder, and the other numbers fol* 
low, as in common subtraction. 
Example. 0,9832 

0,4986735 

0,4845265 « 



Proof «= 3,9832000 
Here for the subtraction of the first nu^iber or 5, the 
supposed lending from before has given 10, and the re- 
mainder became 5 ; then the next lending being againfirom 
before, but one being borrowed from the 10, leaves only 
9 ; the 3 is subtracted from 9, remainder 6 ; in like man- 
ner in the next we obtained 9 — 7« 2 ; and then the first 
number abov^, namely the 2, appears as diminished by 1,' 
and the next subtraction is made firom 11, by borrowing 
again as in whole numbers : the rest is evidently as in 
whole numbers. / / •* 

Examples. \st. 13,409 — 7,946 ^ 

2nd. 0,9047 — 0,83946 

3dL 0,09109 — 0,009867 

41^. 3,4981 — 2,95673 

Uh. 0,994098 — 0,84376 

%th. 10,843. — 7,3942 

7th. ' .0,0194 ~ 0,008643 

Sih. 9,094 — 8,3946 

9th. 8,947 — 3,60409 

§ 56. MULTIPLICATION OP DECIMAL FRAC 
TIONS. From the principles of Decimal Fractions it 
is evident : that their multiplication' can^ in itself, have no 
other rule than that of whole numbers. In respect to the 
value of the resulting decimals it is easy to observe, that 
as they are fractions with the denominsrtofr 10, each of its 
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{ir^c^mgjiamber ; Uiey keep Ibis qunlitj in the reeult^and 
Cbemore jiresent always in their product the product of 
tbese quotients^ which^ thou^ noi expvesaed by a denomi'- 
nator, as indicated by the place assigned to the decimal 
mark. Tb^fore^ as we have seen before, units niiilti{di- 
ed by units give in product units» or tens and imits, so in 
decimal fractions tenths multiplu&d by tenths will give kun^ 
dreds Iknd teiiiJis or only hundreds^ and thus for every other 
denomination. This principle evidently causes the de- 
cimal mar)( to recede one place for every time that it is 
multiplied by a decimal, and in the multipHcation of deei- 
malsy distant from each other, as many places as both 
decimals together indicate ; because, the product of any 
tenths, hundredths, thousandths, &c, into any other tenths, 
hundredths, thousandths; &c., will be the unit followed by 
as many &b as lure contained in the supposed denomina* 
tors of die two fractions together. 

This proves therefore, for ixiultiplying decimal fractions, 
the following 

Rule. Multiply the factors together ^ as in tohole num^ 
hers^ and cut-off as many places of decimalsy from (he right 
hand side towards the lejtj as- there are decimals in both 
the fcLctors, place there the decimal mark. 

To execute this multiplication, ij is best to begin by the 
unit, and multiply by the other numbers to the left, and 
then to the right, advancing the result in the first case to 
the left, and receding with the results of the decimals 
towards the right side, in the second case ; in that 
order in which the multiplication with whole numbers in 
the same ranks would indicate ; the first result, that is the 
result of the unit, will by this process, at once determine 
the place of the decimal. 

Execute the following multiplication. 3,476 X 5,82 ; 

thus: 3,476 

5,82 

17,380 
2,7808 . 
6952 



20,23Q32 



74 
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Here the multiplication by 5, as units, has given to evety 
number in the multiplication the same place as it occupied 
before ; the following nmnbers having receded towards 
the right, according to the rank they naturally have al- 
ready, occupied their proper place, and we have obtained 
in the result 5 places of decimals, exactly as many as both 
factors have together, and as the rule above prescribes ; 
(for which therefore it might form a practical deduction or 

proof.) 

Let the following examples be executed, to illustrate 
further the practicsd application and its consequences. 



36,452 

0,4937 " 

1 


172,7892 
56,32 


0,5378 
0,0624 


14,5808 
3,28068 
.109356 
255164 


1036,7352 
8639,460 
51,83674 
3,456784 


0,032668 
10756 
21512 


0,03355872 


. 17,9963524 


9731,488624 



The first example above gives a result that makes the 
product recede one place in the decimals, because the first 
multiplier is a decimal, this determining the decimal place, 
all the others follow by themselves, tiie result receding 
always one place, and ultimately giving as many places of 
decimals as there are in both the factors taken together. 
When in the second example the multiplication by 6,. as 
unit, was performed, each number resulting kept the place 
it occupied in the multiplicand, the decimal place being 
determined by this. The next multiplication with 5, or 
properly 50, gives the advance towards the left, according 
to common multiplication of whole numbers, the two 
decimals being maile to recede each one place farther to 
the right, keep the final result in its proper order^ the 
number oi^ decimals are thus determined by the mere ad- 
dition, and are conformable to the above rule. 



In the third example: the— —into 

100 



5 

the — 
10 



; gives evi- 



MULTIPLICATION OF DECIMAL FRACTIONS. 75 

30 • 

dently, : which assigns to this result the place seen 

1000 ' 
in the example ; the others follow hy themselves ; but if 
we had not attended to this, the rule above would give the 
coincidence with the result obtained, as may be easily 
seen. . . 

Examples. Ist. 3,415 X 0,7604 

2nd. 17,4089 x 0,03964 
3dJ 2,3918 X 321,6402 
4th. 0,00964 X 0,03458 . 
btk. 0,90807 X 0,00652 
6/&. 372,0496 X 0,000985 
7th. 0,008643 X 0,00004329 
§ 57. It is most generallyrneedless to calculate to the 
full extent of all the decimals of both factprs, the one or 
the other factor commonly indicates the number of deci- 
mals to which.it is intended to c^rry the accuracy, and we 
may dispense with the smaller decimals, so much the 
rather, as they will at all events not be absolutely accu- 
rate, if the decimal fractions are pot themselves ^exact ; in 
consequence of the absence of the smaller decimals, that 
would influence the places taken beyond the lowest that 
is given in one or the other factor; for this reason it is de- 
sirable to have an easy, and exact mode of executing this 
abridged multipUcation, which is as follows : 

Midtiply by the greatest number of the multiplier first, 
and determine the place of the decimal; (as in the prece- 
ding rule ;) then mark this numher, and also the lowest 
decimaZ of the multiplicand ; then take the next lower 
number of the multiplier^ and multiply all the mulliplicand 
by ity taking from the product of the decimal marked off, 
only the part which is to be carried fcHmard to the next 
place using the ten nearest the result either above or below ; 
write the product under the foregoing ^ so thatthe first figure 
to the right comes under the first figv^re of the foregoing 
* product ; thus continue as long as there are figures in the 
multiplier J always marking off one figure in the muitipU" 
candfor each factor of the multiplier^ and mj^king the ad^ 
dition of the carrying as before ; the djecimal m^rk will 
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take its place according to the determination of the fiffi 
nwnber used as a multiplier. 

Example. The first of those given above, executed 
according to this rule, wQI show that in this manner regu- 
larity is insured, and the deviation from the full result 
obtained above will not extend farther than the last place 
of figures, or rather only the next after it, as it does not 
differ a whole unit of that place. 

36,45i[ 

0,4937 

14,5808 

S,2807 

10« 

255 

17,9964 

4 

The fhr^ line is the product 6f -^ into the muifiplicand, 

10 
thence its product hf the limt must give tentbs, which 
determines all the rest. 

In the second line we had to carry for the product of 
9 X 2 = 18, which being nearer to 20 than 10, the tens 
to be carried were two ; so that when we afterwards made 
9 X 5 = 45, we added 2,. making 47, tiie 7, being placed, 
the 4, carried, and the operations continued as in commoii 
numbers. The rest of the operation is exactly the same 
with respect to the remaining numbers of the multipli- 
cand ; for in the third line we had 3 x 4 s 12, and the 
3 X 52 from before, giving 2 to carry, rather tiian only 
1, we added 2^ thit is, we made 12 -f* 2 « 14, then coitt- 
tinued 3 x 6 a 18, and 1 carried, « 19, and so on ; 
the addition is as before. 

Examples. Ist. 0,4965 X 9,0829 

2nd 7,6048 X 3,97652 

3d, 0,0935 X 10,4342 

4f)l. 0,004093 X 21,St5047 
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5th. 0,0986 X 0,004782 

Qth. 0,00947 X 0,0009376 

7th. 9,07093 X 0,098643 

Sth. 0,0004319 X 1097,6245 

9tk. 19^062 X 0,0084837 

lOth. 3461,279 X 0,0008765 

nth. 64,3967 X 0,007583 

12^^. 315,0463 X 0,000497 

§ 68. DIVISION OF DECIMAL FRACTIONS. 

From the manner the origin of Decimal Fractions has 
been deduced, it has already been seen : that the deci- 
mals began whenever the divisor was larger than the 
dividend, or which is the same thing, when an be- 
came necessary to be added ; in other words, when it be- 
came necessary to recede towards the right farther than 
the quantities of the dividend furnished numbers of the 
value ofthose of the divisor ; as many such steps therefore, 
as it may become necessary to make until a figure, actual* 
ly significant, can be obtained in the quotient, as many O's 
will precede it, the of the unity place being counted as 
the first ; or the place of the first significant decimal will 
be that indicated by the number of $teps-it was necessary 
to recede. 

It will be most easy in this place, and will furnish us 
"with the clearest method of accounting for the necessary 
steps, to proceed froip the relation of the unit in the divi- 
dend and the divisor, as a leading principle for the jieter- 
mination of the decimal mark ; and in cases where no 
whole number is obtained in th^ quotient, it will be entire- 
ly referable to common division continued to decimals, as 
eiTiployed by us in elucidating the • principle of decimal 
fractions. Xhe rule resulting will therefore be this : 

Begin the division as in iohole mmierSy and place the 
Arst decimal resulting^ as many places to the right of the 
decimal mqrkj as it has been necessary to recede from the ' 
first figure in the divisor ^ to obtain in the dividend a num' 
ber mfficiently large to be divided by the divisor* 
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Example. Divide 3,46921 



4,327 



= 0,8017587 + &C 



7610 
3283^ 
26411) 
87750 
31340 
1051 + &c. 

Here it is evident, that 4 not being contained in 3, 
whatever may be the following decimals, the divisor can- 
not be contained in the dividend a whole number of times, 
thence there is no whole number in the quotient, therefore 
a is written in the place of the unit ; the next receding 
in the dividend giving a significant figure ; this falls in the 
first place of decimsds. And noMC ^^^ division being per* 
formed, as in whole numbers, and the added always, 
a|ler there were no numbers more to be taken down from 
the dividend, the division can be carried as far as may be 
desired, for the decimals determine themselves without 
any further care. But it is evident here again : that the 
division to greater extent than is warranted by the num- 
bers given, will not give the full accuracy, when the deci- 
nlals are not determined ones, and only approximations ; 
for the O's set down should evidently always be the figures 
which would have followed in the dividend ; and the pro- 
ducts to be subtracted, should be affected by the lower 
decimals, which are missing in the divisor. 

The two Examples that follow, will show more of this 
Application. 

4,2769 0,00042769 

I- «= 0i007537+&G. = 0,007637 + 

567,4dS 0^0567432 [&c. 

304S760 3048760 

2116000 2116000 

4137040 4137040 

166016 165016 

Th^e examples^ Aowing both cases of whole num* 
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bers and decimals, wilh a denominator exceeding the 
numerator; are both equal applications of the rule found 
tabove ; and their result is the same ; as the one is evi- 
dently the product of the other,' by a multiple of 10 ; in 
both cases it was necessaty to recede three steps, to obtain 
a signiiicant number in the quotient ; therefore, the first 
number in the quotient is in the third place of dedraals ; 
or, we may say, it was three times impossible to divide ; 
herefore we have three O's the of the unit place being 
«..ounted, as. of course, because the first time the division 
was not possible, was that of whole units* 

In the same way as we have found- in vulgar fractions^ 
that one fraction may be contained in anoUier fraction a 
whole number of times, as well as one whole number in 
another ; so, of course this also takes place in decimal 
fractions, as in the two following examples, which again 
present the same quotient, 

452,96738 0,045296738 

-^ = 29,580770+&c. =29,580770+ 

15,3129 0,00153129 f&c 



,146 7093 1467093 

8 8932S • 889328 

1236830 1236830 

117980 117980 

1078930 . 1078930 

70670+&C. 70670+&C. 

These examples first admitted of division by whole 
numbers, because 15 is evidently contained in 452 a 
whole number of times, which we found to be 29 : then 
the decimals began ; these two whole numbers are evident-' 
ly easily determined, as the divisor has only two places of 
fi^es in the whole numbers of the first example, and the 
dividend 3. In the corresponding places of the second ex- 
ample 1 thousandth admits evidently also twice the product 
of whole numbers in the 45 thousandth, and gives therefore 
equally a quotient of tens and units ; so that both are already 
twice divisible, before recourse is had to Uie decimab from . 
the dividend, foir the subtraction of the products of the 
whole lUiinbeiB of the divisor into the quotient. 



BO 
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Remark. If it be required to perform any one of the 
four rules of arithmetic, between decimal and vulgar frac- 
tions, the decimal fraction^ are to be considered as whole 
numbers, paying, of course, due attention to the p^ace of 
the decimal mark ; this will therefore need no 4>^cial ex- 
planation. But it will in many cases, be most convenient 
to reduce the vulgar fraction into a decimal fraction, and 
then proceed upon the principles of decimal fractions. 
This being therefore a subject depending on the ju<]^gment 
of the calculator, the principles of which have been ex- 
plained sufficiently, it will not need here to be treated 
s^rately. 



1st, 



4th, 



Ith. 



Examples, 
7,431 



10/^ - 



1349,638 
0,964 

92,738* 
34,798 

0,8109 ' 
0,003497 



0,00975 



2n<f. 



5/^. 



8t^ 



11^^ 



0,0312 

7,469 
3,4829 

0,09634 
94,3218 

5,4396 

973,783 
. 

0,96094 



3J. 



6/A. 



9/^ 



mk. 



0,009662 

0,08735 
6,00964 

3,0975 
0,0000768 

9,0973* 
0,000473 

9,0865 



CHAPTER VL 

Of Denominate Fractions, 

§ 59. I take* the liberty of calling all those subdivi- 
sions of an accepted unit that have received particular 
names, and which properly form fractions of this unit, 
with a certain conventional denominator, that is therefore 
always understood : Denominate Fractions ; such are all 
tife subdivisions of measures of any kind ; of length, sur- 
face, or solidity, weights, money, time, &c. 

In order to make use of these fractions in arithmetic, 
it is necessary to know their conventional denominators, 
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or to be able to day how many units of eadi subdivunoft 
miike a whole, or a unit of a higher subdivision ; as for 
instance, the general division of pound (money) into shil- 
lings, pence, and -farthings ; where the general haHt id 
that i shilling = ^^ of a pound; 1 deiBer,or penny a*^ 
of a shilling ; 1 iarthing = } of a penny. Or, in the 
other manner of expressing it, 

jS1=:209; las:l2d; Id »r 4/ 

Of these subdivisions, old habits, unconnected in their 
ori|^,4ind therefore devoid of system, have introduced 
such a variety, that it is necessary to have tables in order 
to recall them to memoiy ; such tables will be placed at 
Uie end of this book, to wldch I shall add the approximate 
or fuH de6iiliial estpression of the unit cf each subdivision: 
in the other, and in the whole, as it is evidently possible 
Jto express them all in dtoimal fractions, either exactly or 
approximately. Certain signs have been gi¥en to all these 
subdivisions, to abridge their notation; these will be learnt 
ftiHn the tttfaJes. 

It is usual also in writiilg ih^se kind of quaJntkiei^ to 
write always the smaller ones to the right hand side, and 
-progress towtods the left, in proportion as the quantities 
indicated become laiger. 

In thus stepping aside, from the simple theory of a sys-^ 
tem, to a mere practical ha];»it, we shall soon feel what an 
advantage it would be in all transactions where quan- 
tity is concerned, to have a regular and unique system 
for them all ; but the attempt, so often made, has always 
bi^n frustrated, by the unwillhigtiess of men engaged oiily 
in fiieir private concerns, to all mental mbtion or exetbise, 
not directly advancing their private aims. Similar sys- 
tems had been in use in common arithmetic, before the 
adoption of the decimal sjrstem of numeration, the advanta- 
ges of which soon expelled them from theoretic arithmetk. 

It is evident that me difficulties to be vanquished in this 
part of arithmetic, consist only in th6 attention thai is re- 
quired to be paid to the efiect of the irregular system of 
subdivision, which determinfes th6 principles of what mey 
be called carrying from one draomination to the other ; 
the rules discoycfed hereafter, therefore^ chiefly refer to 
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this Operation ; they will not need any proof, as ^ey have 
only the arbitrary subdivbions for their principle ; and for 
their aim, to facilitate the severaT processes.^ They will 
therefore be given simply, with a few examples for ^lustra* 
tipn; their proof, as far as arithmetical principles are con* 
cerned, lying always in the principles of calculation already 
explained ; and their combination will be reserved for the 
practical part of this treatise. 

§ 60. ADDITION OF DENOMINATE FRAC- 
TIONS. Rule. Write ike nunihers of each denaminor 
iion under ecu:h other ^ disHnguuhir^ thein by points ; €tdd 
them as whole numhersy beginning at the most right hand 
figures J and carry from one denomination to the others ae^ 
cording to the vtUue of the subdvoision^ in parts of the next 
sy^rior quatUityy that t«, dividing the sum obtained by the 
dMomimidr of the fraction^ indicated by this subdivision. 

Example — ^in feet, inches, and tenths of indies, 12 in. 
^= \f aiTords the principle of canning from inches into 
feet ; the mode of carrying the tenths of inches being as* 
explained in decimal arithmetic. 

Find the value of 12/. 7,6 in. +3/. 4,9 tn. +2 f. 11,2 in^ 

f in. 
12. 7,6 

3. 4, 9 

2. H, 2 

18. 11,7 

Here the sum of inches being 23 ; 12 are taken away^ 
to cany as one unit to the feel; there remains 1 1,7 inches f^ 
the rest is exactly like the addition of whole numbers. 

Example in weight, of pounds Troy; the subdivisions 
of which ar^, 

1 lb. = 12 oe; I oz. ^=^ 20 iwt ; 1 dwL = 24 gn ^ 

ib. dtctm 08, gr. 

To add 7. 10. 14. 12 

19* 6. 17. 14 
6. 11. 15. 19 

34. 6, 7.21 
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Atd^Bg the first cohunn to the right, or of grains, what 
is over 24 gives 21, to set under this denommation, and 1 
• dwt is carried to the next denominatioo, or dwt. column. 
This second cohunn heing then added, gives 47 dwt «s 
2 oz. + 7 dwt ; therefore the 7 dwt are placed under that 
column, and 2 oz. are carried to the ounces ; the ounces 
added, wilh the carrying, give 29 oz. » 2 lb. + ^ oz ; the 
later placed under' ounces and the 2 pound carried give 
ultimately, by the addition of the last column the number 
of wKole units of pounds, 34$ then the whole sum is 
expressed. 

EXAMPLES. 



Apothecaries' Weight. 

lb* OZ: dr» ter* gr. 

la. 7. 5. 1. 15 

6. 3. 1. 9. 10 

. 2. 10. 7. 1. 16 

4. 9. 3. 2. 18 

22. 11. 6. 0. 12 



Wine Measure. 

a, gai. qt, pU 

7. 29. 3. 1 

18. 40. 1. 

3. 35, 0. 1 

12. 14. 2. 

9. 41. 3. 1 



Long Measure. 

m. fur, p. /. in* 

6. 4. 12. 7. 9 

3. 7. 14. 12. 5 

1. 3. 0. 1. 10 
9. 6. 35. 14. 7 

2. 6. 29. 15. 3 



Square Measure. 

a. r. p* /• 
7. 2. 29. 123 
9. 3. 16. 99 

5. 1. 35. ^01 
3. 0. 14. 69 

6. 2. 12. 87 



Cubic Measure. 

faVu yd' /• tn. 
3. 7. 23. 216 
9. a. 14. 621 
5. 5. 22. 907 

7. 3. 16. 681 

8. 2. 11. 809 



Cloth Measure. 

yd. q, nl. tn. 
17. 2. 3. 1,5 
75. 3. 1. 2,0 
39. 1. 2. 1,7 
56. 3. 3. 2,1 
21. 2. 1. 1,0 



^^m^-mi^mtmimt^ • 
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Aym(hi^m Weight 


Jky SUaiure 


ton, ewt. f . Ik OS. 


6«MA.pft« g* pi. 


11. 13. 2. 21. 13 


17. 3. 1. 7 


3. 15. 1. 12. 7 


22. 1. 1. 6 


2. 18. 3. 7. 9 


13. 2. 0. 4 


6. 10. 2. 24. 11 


7. 1. 1. 6 


6. 7. 0. 19. 14 







§ 61. SUBTRACTION OF DENOMINATE 
FRACTIONS. Rule. Write the denemnaiime of the 
suhdhuians of the qnantUy to be auhtraetedf tinder the 
same denomituUume t» the quaniity tehence ihiy are to be 
subtracted^ and subtract in each comimn the lower from the 
uppeVf beginning at tfu lowe^ dinomifUUion ; and in boT" 
Totoingfrom a superior denomination^ give to the unit bor- 
rowed the value it has in the lower subdivision in which it is 
used. 

This nde is evident from the simple inversion of what 
is directed to be done in addition, and is analogous to the 
rule in the decimal system, as is evident. These subtrac- 
tions evidently admit of proof, by the addition of the re- 
mainder to the number subtracted, as is the case in all 
subtractions. 

Example in feet, inches,' Example in pounds 

apd tenths. Troy. 



ft. 



in, * lb* OS. dwt» gr. 

7, 8 22. 7. 6. 5 

8. 9y 6 , 14. 9. 16. 12 



8. 9, 7 7. 9. 9. 17 



17. 7, 3 22. 7. 6. 6 

Ihe borrowing in the first example, from the feet to the 
inches, has given 12 -|" 6 in. = 18 in. from which 9 taken 
left 9, the decioiQlis b9>ving been treated as usual, then 16 
— 8 ft. =? 8 f^ gi^ve the remainder 8, of the whole feet. 
So also in the second example, we had first, by borrowing 
to the gnuns 24 + S -— * 12 ea 17 (grains ;) then in the 
second ccduinn 20 -(- 5 — 16 » 9 pennyweights, the 6 hav- 
ing been reduced to 5 by the preceding borrowing ; in the 



third CQlumti 12^ + 6-** 9 » d ^unees; and testlj^Sl — • 
14 ss 7 pounds, the bonrowiag haying been made through- 
out «ccordiiig,ta the dictates of the dr^idrafy sufodlvisiony 
and. the munheisia from which the mite were successive 
borrowed^ having Always heen dimiiished bjr a umt: 

examples; ^ 

Tcoy weight. 
17 lb. II 02. lOdwt 21 gr. — Sib. IGoz. 19 dwt. 22gn = 

816. — 616. 6 02. 17 dwt. lSgr.=== 

Apotiieqaries' weight. 
9 16. oz. 3 dtot. 1 $cr. 12 gr. — 6 26. B oz. Qdmt. 2 scr* 

Idrlb. — 9oz. 6 dwL 2 scr. 15 gr. :=: 

Long Measure. 
7folea3yd. 2fi. 9 t». — 3 po/cs 4 j/€^. 2/i^ 19 in. = 

Square Measure^ 
7 ocrw 1 rood 6 poles 6 ft. — 6 acres 3 r<J|;d!5 25po269 

Cloth Measure. 
17 2f{& 2 gr. 1 nZ. 1 in. — 15 i/e2. 3 qr. 3 n/. J in. 

§ 62. MULTIPLICATION OF DENDjVIINATE 
FRACTIONS. From the two different ways \n which it 
has been seen that denominate fractions may be Compared, 
namely, as units, of which a certain number fo:i^ another 
unit, or as fractions of the preceding, or rather lie highest 
unit, with a certain denominator understood, it oky be in- 
ferred : that the multiplication of them can be executed in 
two difierent ways. 

The first, using the given numben as unitSf Wll form 
fractions, of a denomination adapted to the conv^tioilal 
system of subdivision, which mode is exactly aoalo^ous to 
what has been done in decimal fractions. This il often 
called Cro«9 MultipUcaiion. « 

The second consists in using ihe lower units th^ are 
given 4» fractional parts of Hie whokf and takes th6 pro- 
duetd of die multiplier into the multiplicand as such, ^stri- 
biHed in parts that are best adapted to the easy division of 
the multiplicand, which are thence often called aliquot 
pasis, aad expresses the results in the same unit, ancf its 
8 \ 
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mMMmooB ; the final result is obtained by the addition of 
the products ; this method is usually called Practice^ 

In the api^ication ^f multiplication to this species of 
quantitiesy we are limted by Uieir nature to those which 
are capable of producing things really existing in nature ; 
as linMl measures into >each other, which produce surfa- 
ces, and these againinto ]j;ieal measures, which produce 
solids* 

But such quantities as money into money, weight into 
weight, bc^ incapible of producing any possible residt^ 
cannot be subject multiptication as such, 

Tlie multipUcatton of denominate fractions of diflferent 
kinds into each o/her, as' for instance, money into weight 
or measure, &c. is to be done by the second method, or 
Practice, or by Eduction to, any one determined unity and 
its fractions, f my are in it ; then the ground of calcula- 
tion is detesnlied by their conventional relative value. 
They are intact only calculable as certain/roc^ioiM of the 
unit This being entirely practical^ will be considerecl 
only in the aecDnd, or applied part. 

& 63. To idultiply by the first method, or Cross Md^ 
tifikationy v$ have the following rule, grounded upon the 
general priidples of fractions. 

Mumpli au the columns of the mult^licand suecessivdy 
byiUlthe mmbers of the columns of the inultipUery begin^ 
fling at tiu nght hand figure^ and carry, in each passage 
to a higher Mfimn, according to the^alue of the subdwi'^ 
iiims tiuub ise of; place the res^Us of equal quantities fm- 
der each d^; their sum in the result will give the whole 
quantitiei end the suUivisionSy according to the same scale 
as the pfu^^i^ subdivisions ; that t9, tM denominators 6e- 
coming iquaUy products of the denominators indicated by 
the smieisians* 

Exanpk. To execute 7 ft 2 in. X 6 ft. 5 in. 

//* in. 

7. 2 . 

6. 6 



2. 11. 10 
43. 

45. 11. 10 



I I 



Bj multiplying here 2 is. into 5 in. we have {irc^rly made 
2 5 10 

X — = ; theiefore we have obtained a mibdivi- 

12 12 144 

sion of the unit one jle^ee lower, and upon the same 
scale» than those enfployed; as in decimal fractions; 
therefore^ also in -wnijag the result, thirhas been removed 
one step more to theright. In making 

5 36 11 

1ft. X 5 f». m 7X —ft. == — = 2 + — , 
' 12 12 12 

We have obtained fNit twelfths, and then, by reduction to 

11 
whole numbers, 2 whole quantities, and ~ of a foot ; the 

12 
/ 2 12 

result of 2 in. yfift- = 6X — =— = l,ha8 givenby 

12 12 
the same prinolf^les, one foot to carry to the next result ; 
then, by the multiple of the feet into the feet, with this 
addition, we hive 6X7+ 1 = 43 fl ; the final sum is 
obtained as it; addition, but presents an inferior subdivi- 
sion, one degee lower in the same scale of subdivision 
that is used, ^r twelfths into twelfths (which are called 
linegj where ibis subdivision is used ;) thence the above 

IX • itL t -L. or 43 square feet 142 square 

result IS = 45 H 1 inches 

12 144 "^^"®^- 

If we njultiply again (for example the above resuh) by 

a lineal dinension, we shall obtain a solid, expressed in 

the same system of subdivision; thus: 

ft. if^ I. 
45. 11. 10 
* 6. 7 



26. 9. 10. 10 
229. 11. 2 



256. 9i 0. 10 

■•'■■» ' . - ■ 

Here we again obtain, by the very same process as above. 
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and for the s^me reason, a draonination still lower in ttw 
same^scale of subdivision, 

9 10 
or = 256 + — + '• — •= 256 cubic feet 

12 12 X 12 X 12 1306 cubic inches. 

§ 64. MidtipUctUionoJ DencminUePractumsaa frac'^ 
tumal parts of the tohoUf or Practict The nature of this 
operation, as stated above, evidentlyleads to the rule, 

Jlfttfiipiy th£ whoU and fractional iarts of the muJttpU- 
eand by the whole mmhere of the mmipHer; then distri^ 
Me ihefraeUonat parts of the^ mMpier into Mtch as are 
mo9t easily taken; take swh parts of Ae whole andfrac'- 
ihnalvart ofihe mMfUcani as wmheindicated by l&em^ 
and aid aU these parts for the final resUt^ 

By this operation the products of the iifferent fractions, 
flittrdMited for tite ^KMivMEiienee of the operation, being 
partially taken, the proof of the rul6 lies ti the simple mul- 
li]^fiation of finKtions, and this is oidy rejeated ; it is ge- - 
nerally convenient to divide the fractions o the multipUer 
so ^lat liie enuOler ^ubfleqaetit-j^aKts are agun fractions of 
the first 

Fordiepuiybse of eompanson with the oher noK^e} we 
diall use the example already given. 



A 


in. 








7. 


2 








6. 


5 








48. 


» 






d. 


4* 


*i 


tst 


4 


0. 


7* 


^i 


X 


JL 

3 



1 %n 
45. llf 



.1 



Here, after multiplying the 7 fl. It in. by 6, the whole 
number, giving 12 in. 4" 42 it es 43 ft. the 5 in. of the 
multiptier are divided into 4in. ==* | ft and 1 in. « | of 
4, in. or I X I ft the I X 7 fl. giving 2 ft and 1 ft re- 
maining, which gives 12 in. to add to the 2in., the | of tho 
(12 + 2) in. = 14 in. being taken, gives 4| in., as in the 
aeoonillne; tiie second fiactioiial port beii^i of thtttOr 
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2 ■ 

G[2ft. + 4 f in. = 2S| in., the i of which 13 7 ^ 

3x4 
5= 7 + ^ in., gives the third line ; the addition of the pro- 
ducts is easily understood from the addition of fractions, 
a6f + i==i + i = f9 and the rest is like the addition 
of denominate fractions. 

Let this example be continued, as was done in the for- 
mer case. ' 

" //. in, ^ 

45. llf 
5. 7 



229. 11| 
22. UH = i = 6in. r^. 

266. 9«f 

T'.''e have 5 x | = V ~ ^ "I" i > for the product of the 
whol^ number 5 into the 'fraction ; then 5 x 1 1 -|- 4 = 
59 in. = 4 ft. 11 in., from the whole into the inches, witJi 
the* casrying, the rest then as whole numbers, or 45 
X 5'+ 4 feet. For the 7 in. we take 6 in. = ^ ft.,* and 
1 ip. = I X i ft. ; therefore i X (45 ft. llf in.) giving 
the second line easily ; and the third line being ^ of that, 
presents y ft. == 3 ft. + y in ; the second part or 
48 in. + 11 in. 
— — — — = 9 in + f ; and the fractional part of 

6 
this, making in ^^ as the upper fraction is |^, which add- 
11 71 

ed to , gives = ^ J. 

6 X 12 12 X 6 

The addition is executed in the fractional part by reducing 
them all to the denominator 72, for their common denomi- 
nator ; the whole inches are then carried to the next ad- 
dition, which is executed as shown in its place. 

If any such denominate fraction of any kind is to be mul- 
^ tiplied by a whole number, it is evident, that nothing is re- 
quired but to multiply each of the'parts 'by this*nuihber 
8* 
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successively, in the above order; carrying according to 
the principle of the given arbitrary, subdivision, exactly as 
was done with the first, or whole number above. This is 
evidently admissible with any subdivision, and needs no 
separate explanation, as it has actuaUy been already given. 
§ 65. The two preceding modes of performing the mul- 
tiplication of denominate fractions being evidently cum- 
bersome when applied to great calculations, and when the 
fractional parts, or lower denominations, are not easy ali- 
quot parts of the whole, it will be oflen most convenient, 
tereduce the factors to whole and decimal fractions, by 
the methods taught in their proper place, ^nd then to pro- 
ceed by multiptication of decimals ; for this purpose the 
fractions would be marked with their divisors, according 
to the habitual subdivision, and the execution of the divi- 
sion will give the proper decimals 

Example. Let the preceding question be executed in 
this manner, and by abridged multiplicafion of decimals ; 
we obtain as follows : 

7 + A = 7,1666 , . . . : 6 4- V'y « 6,41666' 
Performing the abridged multipUcation thus : 

6,41666 

7,16666 



44,91666 

64167 

38500 

3850 

385 

38 

4 



46,98610 

As both fractions are repeating^ having a contuuied repe* 
tition of the 6, the products of these have b^en inserted, 
as long as they have any influence in the numbers pre^ 
served, by repeating the first product of 6, receding every 
time one place more to the right : and in the last nuinbera 
of the pr^i;t8 stways carrying from t ptodact of a fu:e^ 
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vioiifl 6 ; this has heen performed throughout, by augment* 
iog the last figure one unit. 

The second iqpltifdieation, treated in the same way, will, 
when executed, give the following 

Example. 5 + .iV ^ 5,58333, the series of 3 being 
again continued. 

45,9861 

5,5833 



229,9305 

22,9930 

3,6789 

1379 

138 

14 

1 



256^7556 &c. 

To compare these three results together will be most ea- 
sily done by reducing the two fonneir ones to decimals. 
Thus we obtain by section 60, 

9 10 
256 H -J = 256,75578 &c. 

12 1728 

9 5 

by section 64, 256 H 1 = 256,75578 &c. 

- 12 864 

by die decimals above, == 256,7556 

The difier^ice of nearly two units in the fourth decimal, 
or the ten thousandth parts, is owing to the neglect of the 
last decimals of the factors, which of course gives a small- 
er result, but which is in most crises sufficiently accurate ; 
a farther extension of the decimals would of course cause 

a nearer approximation to the other results.. 

« 

Exoinpkt. £xecute under the Utaee different formd, the 
fbUowing: 

let. 17/. 9,17 in. \ 12 f. 2,3 in. == 
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2nd. 41/ 8,308 tii. X 21/ 11,481 in. == 

3d. 3/ 10,2 in. X 7/ 4,32 in. X 9/ 7,63 in. = 

4/A. 21/ 8,897 1». X 42/ 9,391 in. « 

6th. 62/ 7,96 f». x 0/ 11,2 in. X l/ 6,3 in. == 

eth. 36/ 6 in. X 2/ 3,6 tn. X 1/ 9,0 in. « 
7^^. 18/ 3,6 «n. X 3/ 2 tn. X 2/ 2,6 tn. = 
Sth. 21 / 7,5 tn. X 0/ 9,5 tn. X 0,9 tn. = 
mh. 24/ 6 tn. X 0/ 10,5 tn. X 0/ 8,5 tn. = 
lOth. 5/ 6,5 tn X 32/ 6 tn. X 24/ 4:tn. = 

§ 66. DIVISION OF DENOMINATE FRAC- 
TIONS. The remark made in relation to the multiplica- 
tion of this kind of fractions, upon the inconveniences of 
the operation, and its being applicable, generally speaking, 
to lineal dimensions only, applies still more forcibly to 
their division ; in all other cases the quotients are not re- 
quired in the same denomination of subdivisions ; and in 
cases where the divisor and the dividend are of a different 
kind of quantity, they are in raaUty impossible in nature. 
But in the case of lineal dimensions, which produce by 
the first multiplication superficial magnitudes, and in a se- 
cond solids, as both olfjects really exist in nature, it may 
sometimes be desirabie to have a quotient given in the 
same denominate fractions, or subdivisions. 

In all cases, therefore, where such a division occurs in 
the course of a calculation, the nature of the quantities 
concerned are left out of consideration, and the quotient 
inquired into is considered as a mere number. To do this, 
two ways present themselves ; either to reduce every de- 
nomination of the numbers concerned to the lowest deno- 
mination of denominate fractions contained in them, and 
divide the whole numbers resulting ; the quotient will give 
a rei^lt in units of the whole (not of the subdivision em- 
ployed,) because it expresses the value of the general fraC'* 
iion expressed by tlie division^ which isntself independent 
of the subdivision employed in the calculation. 



i 



Tar 



Or the dekiominate fraddons may be reduced into deci- 
mals of the ^¥h<^ quantity, as seen in the preceding sec* 
tion ; and <fe divinon of tiiese mil give exactly the eame re- 
9tUty cu the reduction to the lowest denomination ; because 
the quotient resulting gives also here the actual 'value of 
the fraction expressed by the division. 

§ 67* Tb perform a Division cfDenominaie Fraetton^, 
As this may be desired, in lineal dimensions, it will be 
proper to give an appropriate general rule ; as {bllows : 

Find (£ whole number which^ multiplied inio (he divisor^ 
uiU give a product nearest hehyuo the dividend, cmd divide 
Ity it as in common division, only minding (he iransfer or 
carryir^from one denomination to (he other, accoraing to 
the principle of (he denominaie fraction under calculddon ; 
then reduee (he remainder to tne next louier denomination, 
undnnuHiply (he product by (he denominator of the denomi- 
nate fraction; reduce also the whole divisor to the next 
lower dencminate fraction, and divide (he last obtained di*- 
Tidmd by it ; the remit will give a number expressed in ihis 
next lower denomination ; thus continue to (he end of all the 
de^red subdimsions. 

The reason of this rule is evident, in its first step, from 
common division of whole numbers ; in the second, and 
following steps, the multiplication of the remainder, al^er 
reduction by the denominator of the denominate fraction^ 
is necessary to give by the division a result expressed in 
units of tins lower division ; in the same manner as for 
decimal Tractions, a was added to Qvery remainder, to 
produce a quotient of the next lower rank of decimals, 
because this 0, produced a multq>Ucatioa by 10* 

Example* To divide 

7.10 "^ " 



15. 8 



2. 1=25»». 

mukq>l|riQg thisiremaiDader by 12, and redueiog also the 
dirisor^ giv^ the {ollowiQg sooond division : 
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300 fit. 12 1 

94 94 8 

282 
12 

The first quotient foond here, or the feet, is 2 ; then the 
remainder, 2 ft, I in., reduced, gives 25 tn., which multi- 
plied bj 12, to give the next denominate fraction, by the 
division wiibL the reduced divisor, or 94; this division 
gives 3 t»., and the fraction which is here lefl, but could 
be reduced again to twelfth parts, as the next subdivision, 
by the same operation as the inches were obtained, if de- 
sired. It must be observed here : that in the dividend the 
9 were treated as twelflh parts of the square foot, which 
are not square inches ; if they were such, they would pre- 
sent the denominator 12 X 12 = 144, as may easily be 
judged, by reflecting upon the multiplication shown above, 
or l^ause 1 yi. —12 in, gives ljt» square = 12 tfi. X 
12 in. = 144 square inches. 

. To exect^ the same Operation or Division hy the two 
other Methods. The process of reduction to the lowest 
denomination, or to whole and decimal numbers, is eii- 
dent fi*om the principles of division taught for the two ca- 
ses, in the division of whole numbers and of decimal frac<* 
tions. 
The above example would stand in them as follows : 
1^/. By reduction to the lowest denomination, 

17^ 218 in. 

= . — =r 2,2659 ft. = 2 ft. 3,1908 

7. 10 94 
tlus last by multiplying the decimals by 12« the deaomina* 
tor of the denominate fraction. 

2d. By the whole numbers, i^ the value of the subdi- 
visions in decimals, 
17^ lt,75 

= — ■ c= 2,2660 =5 2 /If. 3,192 in. 

7. 10 7,8333 
The first result will be somewhat too small, on accoutit 
of the discontinued division, the secoAd 0<miewhat tpo 
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large, on account of the discontinued sehes of 3 in the 
divisor, which, being smaller, leaves the cpiotient to be* 
come somewhat kurger. 

Examples. Execute in the three difierent methods the 
following divisions : 



l8t. 



ScL 



5th. 



7th. 



Bth. 



16/. 7,32 in. - 78/. 42,32 in. 

2/ 9,5tn. 
416/ 27,9 tn. 

44/ 6,5 «». 
212/ 17 w. 

1 

49/ 6 in. 
92 / 9,5 tn. 

60/ 3 w. 
99/ 34 m. 



jntu/. 


3 / 6,94 tVi. 


' Aih 


) 302/ 9 tn. 


^Itlv. 


6/7,5t». 


6th. 


129|^. 9 tn. 
22/6tn. 


.8«». 


105/ 19 tn. 


5/ 10 tn. 


• 


101/ 84,5 tn. 



3/2tn. 2/9,5tn. 

ll is to be observed that the inches in the numerator 
are square inches, of which 144 make the square foot. 

' The whole of the examples executed in denominate 
fractions, and particularly the latter ones, show : that the 
calculAtion of denominate fractions properly belongs to the 
applied or practical part of arithmetic, which is intended 
to be' treated in the next chapter ; it has however appear* 
ed proper to -treat of their principles here, considering them 
as fractioil^of a particidar nature, as these considerations 
tend to illustra,te the general view of fractions ; to enter 
more minutely into details is however the province of the 
practical part, wher^ more examples will appear, and 
where it will become evident to every attentive peruser of 
this work : that the proper understanding of the principles 
of arithmetic will suggest W Wai in every case the ideas 
which will lead him to the most judicious, accurate, and 
short way to execute calcidations, implying such detail 
cases. • * ♦ 
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CHAPTER I. 

General Prindplea of the Application of the Four Rvlea 

of ArUhmetic^ 

§ 68. Ill the previous chapters h^vebeen deduced, 
from the iu»t principles of tiie comhikation of quantity 
and numbersi^ what are called the Four Rules of Arithme- 
tic, and they have been applied to the different forms in 
wUch quantities are presented, namely;: as Whole warn* 
here of units, or as parts of the same ; and these lattei 
expressed either by their general relation to the unit, a 
in Vulgar FracHom^ or by a continuation of the decinv 
system below the unit, as in Decimal Fractions^ or as ar- 
bitraiy subdivisions under the ^ame of IXenominaJte Frac* 
tions* 

The preceding part may therefore be considered as the 
theory of the four rules of arithmetic ; it will already pre- 
sent the solution of a great number of the questions aris- 
ing in common life from daily intercourse or occupation* 
Though this application might be made by iAte teacher, it 
may not be improper, particdarly for such persons as 
should wish to undertake the study of arithmetic by them- 
selves, here to give a few leading ideas to guide diem in 
the proper choice of the rule for any distinctly given case, 
together with some examples. 

§ 69. Under the head of Addition will come: all 
such questions, where quAntitiea of the same kind are to 
be counted together, as has been seen to be the origin of 
tins first rule. It is of course impossible, to add quanti* 
ties of different kvads together under any denomination 
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than as mere ihkngi ; and this remark, simple ^ it is, ntay 
escape in certain cases. We have seen, for example, in 
fractions, that we were compelled to make such changes 
in the denominators as produced the effect, of reducing 
the quantities which are of a difierent kind, on account of 
their being different parts of the unit, to quantities of the 
same kind, or den<nnination, before they could be added* 

That all this applies equally to Subtmctioni is evident 
from the principle, that it is only the opposite operation of 
Addition. 

^ 70. So for example. A farmer, making the enume- 
ration of his live stock, may add them under their diffe- 
rent denominations, as different kinds, or in sum total. 

Suppose, therefore, a farmer had his live-stock distri- 
buted in different lots of ground, as follows : 

In the door-yard are 3 cows, each with a calf, 2 hotses, 
and 4 pigs. 

In the meadow he has 4 oxen, 6 cows, and 3 young 
horses. ' 
. In the field, a flock of 35 ^heep, 5 cows and 4 calves. 

He lets run in the woods, 9 pigs, 7 cows, 4 young 
oxen, and 2 horses. 

We may ask here, first, the sum of all his live-stock, 
which will comprehend all what is above under one sum; 
•thus: 

2 horses 

3 cows 

3 calves 

4 pigs 

4 oxen 
6 cows 

'3 horses 
'35 sheep 

5 cows 

4 calves . , 

9 pigs 
7cowS 
4 oxen 

2 horses 

J • 

91 heads of live>stock. 
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Oxen. 


Cahes. 


Horset. 


I Pig*' 


v4 


3 


2 


4 


4 


4 


3 . 


9 


~^ 


— 


2 




8 ' 


7 


7 


13 




i 




jr 




1 





1 



Sful. We may ask how many of each kiodt. and then 
we shall have to separate the quantities above^ in this 
manner : 
Cows. I Oxen, Cahes. { Horset. [ Pigi^ Sheep, 
3 v4 3 2 4 35 

6 
6 

•7 

21 

Other examples of Simple Addition may be the follow- 
ing: 

For a certain undertaking in a village, seven men agree 
to give, each as much money as he has in cash in pocket ; 
John has $47; Peter $121 ; James $50; Richard $79; 
Francis $107; Frederick $192; and William $305; 
how much stock do they bring together? The addition 
gives: $ 47 

121 
60 
79 
107 
192 
305 



$901 



How much is the whole banking stock in New-York, 
the stocks of the chartered banks being as follows : 
Bank of New-York, 
Manhattan Bank, 
Merchants' Bank, 
Mechanics' Bank, 
Union Bank, 
Bank of America, 
City Bank, 
Phoertix Bank, 
United States' Bank, 
Franklin Bank, 
North River Bank, 
Tradesmen's Bank, 
Chemical Bank, 
Fulton Bank, 





950,000 

2,050,000 

1,490,000 

2^000,000 

. 1,000,000 

2,000,000 

2,000,000 

500,000 

35,000,000 

600,000 

500,000 

600,000 

500,000 

500,000 
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EXAMPLES. 

1. The boys of this school have marbles in pocket, A 
has 12, B has 41, C has 17, D has 29, E has 34, F has 
72, G has 15, H has 62, 1 has 90; how many have they 
all together 1 

2. From Savannah, in Georgia, to Charleston, is US 
miles, from thence to Raleigh, in North Carotina, 256 
miles, thence to Richmond, 164 miles, thence to Washing- 
ton, 123 miles, thence to Baltimore, 37 miles, thence to 
Philadelphia, 100 miles, thence to New- York, 100 miles, 
thence to Albany, 140 miles, thence to Whitehall, 70 miles, 
thence to Burlington, Vermont, 70 miles, thence to Mont- 
real, 100 miles ; how many miles is it from Savannah to 
Montreal ? and if a man • travels at the rate of 80 miles 
per day, how many days will he have to travel the whole ? 

3. The diameters of the principled planets are as fol- 
lows : Mercury 16057000 feet, Venus 40125400 feet, the 
Earth 41836420 feet, Mafs 21646200 feet, Vesta 212000 
feet, Juno 12389460 feet, Ceres 2125480 feet, Pallas 
27619700 feet, Jupiter 4643343000 feet, Saturn 41763300 
feet, Uranus 1812100Q0 feet; how much would they make 
in distance supposing them all placed together 1 

4. Rome being bualt 817 years after the Ifyramids of 
Egypt, and 146 years before the 'Christian Era, America 
having been discovered 1594, the Declaration of Indepen- 
dence by the United States having taken place 182 years 
afterwards, and the year of it now cotuited being 52 ; how 
long is it since the building of the Egyptian Pyramids? - 

5. A captmn has on board 170 bales, each paying 
freight $1,25; 305 packages, each paying 87| cents; 
230 tons of other goods, each ton paying $12,62^ ; and 
6 passengers, each paying $78,50; how much does his 
whole freight and passage money amount to ? 

Ana, $3854, 12|. 

6. A grocer making an inventory, finds he has in cash 
$17,52 ; in various liquors the amount of $215,17 ; in 
soap, candles, and such articles, $92,54 ; iti spices» 
$107,32 ; in salt fish and similar provisions, $49,62 ; and 
in various small articles besides the furniture of his store^ 
in all $57,84 ; what is the whole amount of lus stock 1 
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BXAMFLE8 OF SUBTRACTIOK* 

1. Francis has 35 head of cattle on his faraii and his 
neighbour James 84 ; how much has the one more thau 
the other 1 

James's cattle 84 

Francis' cattle 35 

Difference 49 which James has more. 

2« A pian goi^ into account with himself finds his. 
whole property amounts to $18406, and that he has 
$10509 debts ; how does he stand ? 



• ■ • • 



Property $ 18406 
Debts 10509 



Difference $ 7897 clear property left. 

3. In a year there are 365 days ; of Ihede 52 are Sun^ 
days ; how many working days are there in a year? 

iins. 313 days, 

4. A man in business bought, during the year, goods to 
the amount of $106409, and sold to the amount of 
$59879 ; takenfit the same price or estimate, what amount 
ofgoodshashelefl? ^n^. $46530. 

5. What time elapsed' between the publication of the 
Copemican system of the world, 1543, and Newton's 
first publication of his Philosophy, in 1686 ? 

6. How many more inhabitants are there in the State of 
New-York, whose population is 1372812, than in the 
State of Kentucky, whose population is 564313 ? 

7. As I have 76 sheep, and my neighbour has 135, how 
many has he more than I ? 

8. How long a time passed between the general peace 
of Europe madd in 1666, and that made in 1815 ? 

9. What is the present year of the Turks, as their era 
begins 622 years after the Christian era ? 

10* How long a time passed between the invention of 
gunpowder, in 1330, and the election of General Wash- 
ington to the Presidency of the United States, in 1789 % 

11. The diameter of the planets being as stated in one 
of the precedmg questions, how much is that sum less 
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thaii the diameter of the Sun, which has 4674790000 
feet ? 

§ 71. The applications of Multiplication occur in every 
case where one of the quantfties occurs repeatedly^ this 
repetition being as oflen as indicated by another number, 
which forms the multipher ; such is the case, for instance, 
in all purchases, profits, interest, at a certain rate for the 
adopted unit of the things bought, sold, or lent, or in ge- 
neral, whenever the sam^ thing or quantity, is repeatedly 
tiaken. 

EXAMPLES. 

1» John buys 12 peaches at 3 cents Tt-piece ; how 
much has he to pay ? ^ns* 36 cents. 

2. 48 head of poultry bought at 5 cents per head ; how 
jnany cents to pay? *An8. 240. 

3. The year has 365 days, every day 24 ho.urs ; how 
many hoi:q;;s in a yeai^ Ans. 8760 hours. 

4» How many minutes are there in a month of 31 days, 
the day having 24 hours, and the hour 60 minutes ? 
m Ans. 44640 minutes. 

o. A merchant bought 56 bales of cotton goods ^ 15 of 
, them held 21 pieces, 29 held 28 pieces> and the rest 25 
pieces each ; for each piece he pays $3 ; how much must 
he pay for the whole ? 

•««»•! ?f of •** P*^ « 

t 1427 pieces of cotton goods. 

The numbers indicating the quantity of pieces in each 
bale are to be multiplied by the number of bales respec« 
tively ; the sum of tiiese results gives the whole number 
of pieces, which being multiplied by 3, the price of each 
piece, gives the final result 

6. A merchant bought 963 barrels of flour ; on weigh- 
ing them» he finds their average weight 202 Ibis, and that 
the barrels average 7 lbs. weight each ; how many pounds 
of flour has he? Sns. 1S7785 lbs. 

iNoU. The subtraction needed in th6 above example 
fro^ each bairel, is what in commerce is called tare ; the 
remaining weight is what is called wat weight Tare is 
usually determined by an approximate valuation, in each 
ptrticabr kind of package, according to certain habitual 
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and even local rules. It is sufficient to know fhese, to 
execute anynexample of mercantile calculation relating to 
what is called tare^ as they form a subtraction upon agreed 
principles.- ^ 

7. The smn of $6500 is lent out at interest, for three ' 
years, at six per cent, simple interest, anQtially ; ^hat will 
be the whole amount of that interest in three years ? 

The interest per cent; being evidently a decimal frac- 
tion,- in the place of the hundreds, or second decimal ; the 
whole operation of any interest calculation for' fhe year, 
consists in multiplying the capital given with the corres- 
ponding decimal fraction, and for niore years, to multiply ^ 
this product again by the number of years reqtiired ; thus .^ 
the above consists in the execution pf the following mul'* , 
tiplication: 

6500 X 0,06 X 3 = 390 X 3 = $1170. 

It is evident also from this, that all transactions of com- ^ 
mission, brokerage, exchange, notes, drafts, st«ck, &c., 
which are grounded upon a certain per centage of pre- 
mium, or discount, are exactly of the same nature, a n^ 
determine a decimal fraction by which the amount is to ^/jj^ 
multiplied, as iil the present example. 
^ 8. Sefv^il boys have each', twelve marbles ; how many 
maibles have they all together ? 

9. If 5 boys buy each half a peck of apples, aiid each 
half peck holds on an average 16 apples, hbw many affples 
have tiiey all togelhert , 

10. A company, of soldiers of 105 men txsi l&e offi- 
cers, having ail muskets, each Weighing 5 pounds, and 2 
pounds of anmiunition, how much weight have they to 
carry aR together ? 

11. A ton, ship's weight, is 2200 pounds ; how many 
pounds weight will be in a vessel carrying 450 tons t 

12. Twenty bales of cloth, containing each 27 pieces, - 
of 28 yards the piece, how many yards are there in (Jib 

whole? 

■* • ' 

^ 72. Divimn applies in ordinary business to dl casesy 
-where any quantity of thmgs is to be divided araong^ 
equal number of persons, or in an equal number of lots or 
pwtst the quotient wiU give the ^ti^ of each person, of 
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tI)e<piaiitiljrof thuifisin each lot'otjutxU Ifcivili &ei^ 
fore also afipljr to^ find the prtee H>f » sia^ piece of a 
tiling, of iiidijfih.a ]arg«i Quinber has been jrarchfased^ f<v a 
certain j^ee; as in the followipg 

• EXAMPLES. 

1 • A fath^, having ^ sons, leaves a property of $76590 
to-be shared equally among them ; how much will eaph 
eon get? * w2»«. $12765. 

2. The provision of an army in bjreadis 90567/65.; 
it is intended to distribute the whole to the soldiers, to 
save separate transportation ; Aere are 10063 soldiers ; 
how many pounds will each hav# to carry ? . dna. 9 lbs. 
. 3. The expenses of paving.a street^ 500 feet in length, 
amount to $1000 ; the amount is to be distributed among 
the owners of the adjoinihg lots, each having a lot of 25 
feet ; how much will each lot or owner iiave to pay ? 

> 4« A merchant bought 109 bales of calieo, for the totd 
amount of $12^32 ; he finds that 40 bales contain each 
30 pieces, 50 contain each 25 pieces, and the rest contain 
32 pieces each i liow high does each piece stand him ? 

5.«How many days are tha:e in 24480 minutes, each 
day haying 24 hours, each hour 60 minutes ? dm* lids* 

6. How n»ny days will it. take a man to travel 945 
fniles, if he l^vel 35 miles per day t Jins* 27 ds. 

■7. I have 750 pieces of cloth, and can put no more 
^an 15 pieces in a bale ; how naany bales shall I have to 

make? *'■ 

S* A scl^ohnaster has 62 boys, and having a lot of 484 
marbles, which he iimhes to distribute equally among his 
hoys as^ rew^d ; hpw many will each of them get ? 

9.;if a^m{m has an annual income of $3555, how much 
can he spend p^ day ? 

10. A man having two hundred and fifty miles to travel, 
and traveDmjE 24 miles per day, how long will he be in 
performing the journey ? 

§ 73. It will be proper here to draw the attention to a 
general principle^ which will always guide us in the use of 



104 



l^RACtlCAL Al^PLlCAtlONB OV 



multtplication^ as apptied to ai^y puipose of life^ or eveiot 
of science ; namely : it expresses always by the two fac- 
tors a certain cause and a certain repetition of the same, 
which may be best represented by timci for this is the mear 
sure of repetition of effects in nature, as we have seen it 
to be, for instance, in calculations of interest, &c. ; the 
rtoult of these factors, giving the product of the numbers, 
represents equally weU the effect produced by the cause, 
represented by tile one factor acting a certain time^ which 
is represented by the other fiictor. { 

- So we may represent the multiplicaticm and its results 
as the product of cause intd itme, being equal to tktir ef* 
feet, (the great law whichvis to be exactty filled in every 
explanation or investigation of a subject of natural philo- 
sophy.) Instead of time, "we mfty also call that factor 
power, and the other the object acted upon by this power; 
the ideas of cause and time however, always apj^y equally 
well ; as for instance, a man having certain means to do a 
. thing, and using them so much, or so many times, would 
be the same thing in respect to the effect ; and so in all 
similar cases. « 

As the application of multiplication includes all the cases 
wh^e a cause acting a certain time, or number of 4imes, 
produced a certain effect ; so division may, with equal 
propriety, be considered as decomposing the effect, into 
its cause and time ; the one of these being given, besides 
the effect Thus we evidently find : that if a certain 
work has been done, by a certain number of men, in a 
certain time, the work exgeessed in numbers representing 
the effect, the time of the* #ork, or the number of men, 
being given, the number of men, or the time of their work, 
may be found, by dividing the effect inversely by the num- 
ber of men, or the time they worked. In like manner : 
if the interest obtained upon a sum of money in a certain 
number of years be given, the yearly amount of it (that is 
the cause) wUl be given, by the quotient arising from the 
division of the whole amount by the number of years, and 
vice versa. 
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CHAPTER IL 

jSipplication q/ ike Four Bnha of Arithmetic to aU kinds 
of QuesHongf irwohing Fr€ictioiM of either kind. 

§ 74. In most of the circumstances, where calculatioji 
is to be applied ii[i common life, the given^uaiittties either 
contain certain fractions, or denominate subdivisions of 
the unit, which have been called "Denominate Fractions, 
or they often lead to such by division, as has been seen in 
its place. » The cakmlator must determine by the aid of 

{iroper leflection upon any ^ven C£kse, and by hia know- 
edge of the principles or &eory of arithmetic^ in what 
madner it will be most easy, and, according to the aini of 
Ae calcukiition, most aceurate, to obtain t^ result. Prac* 
tice giv€s ^eat facilities for 1^ determination ; in the in« 
fltructbns for performiiig it, only general considerations, 
or principles can be presented, and examples 4hat may 
serve as an introduction to it ; this is the edm of the pre- 
sent chapla^r. 

It may, for instance, be readily inferred from a compa* 
rison f>f the operations in Vulgar and in Decimal Frac- 
tions, that in complicated additions of numbers, involving 
vulgar fractions whose denominators are not simple^ or 
commensurable, (that is, the one a miiltip.le of the other,) 
the reduction of the fractional part into decimal fractionsy 
before they are added, is peculiarly advantageous. 

In $ubtfaciion the same is the case, in a less degree, 
however, on account of the circumstance of there being 
only two fractions that can possiUy be engaged in one 
operation. 

DenonUnnaefriMiiom^ present no difficulty, in either ad* 
dition or suhtraeHony more &an common numbers, except 
the attention that is necessary in the canning, or borrow- 
ing, from one denomination to the other, but are from that 
circumstance, and their irregular progressions, far less con- 
venient than decimal fractions. From this circumsftuice 
the decimal system derives great advantage, and has for 
that reckon been introduced at least in the coins of the 
United States. * 
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The reduction of tohale numbers into fractions will never 
be needed in ctddition ; when it may be required in Bub- 
traction, the application of the principle of borrowing one 
single unit, and reducing the same into the required frac* 
tion, as in the addition of whole numbers and decimalSy 
will be the most advantageous and shortest method, 
'\Yherever the reduction of the vulgar fraction into a deci- 
mal fraction does not present greater advantages. 

The preceding remarks, in addition to what has been 
said upon the appHcatioti of the two first rules of arithme- 
tic, may suffice in this place ; particularly as in multipli- 
cation and division they again naturally occur, and receive 
their explanation and application, in a manner still more 
instructive, than when treated alone. 

A few examples placed here for exercise may therefore 
suffice ; they will be expressed by the signs of the opera- 
tioi^ when given simply, in order at the same time to afR>rd 
an opportunity of exercise in their use. 

1st. Execute 17 -J- 4 -f- V + ^ + J + 9 -|- f = 

3d. „ ^_| + 3 + J + 7— 1+6 — jV = 
4tt. „ 6 + J + 2 — t^— /j +7 — A+3 + 

2T 

Uh. „ 4,65080906 + 0,0070606 + 114,604091 

-i- 0,985 + 406,307506 + 3000,040907 ». 

Bth. „ 6,04097062 — 6,908986072 = 

Ith. „ 3,4091 — 3,064723 + 6,0809701 

— 2,908062 + 101,01980 — 67,620998 
+ 3,06 — 0,0672 «= 

Bih. „ 13 yi. 7,5 in. + ^ ft. 6,3 in. + 16 y^. 0,5 in. 
• + oyi. 7,13 w. = 

9 A. „ 6yi* 9,2 ifi. -h yi. 1 1 ,6 in.— 6 ft. 4,25 in. = 

l^h. „ 3 lb. 7 oaf. 2 imU 7 gy. -|- 6 o». 7 dwU 19gr- = 



* ; 
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lltk „ 107 Ih. 4 oz, dwi. 6 gr, + 5 oar. 6 dwt - 
gr* + 5 dmU 19 gr. + 6 /6. Ooz. 7 gr. — 
106 lb. 10 or. 16 dwf. 20 gr. = 

Q;aesi%on I. A fanner threshed grain 7 days : 

the 1st day 12^ bushels 
„ 2n^ „ 18i. „ 
„ 3rf „ 241 „ 
„ 4«fe „ 30f „ 
„ 6<fe „ 32f „ 
„ 6<fe „ 44| „ 
„ 1th „ 15^ „ 

He paid his help in grain ; to one man he gave 3^ bushels^ 
to another 2^ ; and he returned to his neighbour what he 
had l&st borrowed of him to go to mill, which was 7f 
bushels ; how much grain has he lefl. % Ans. 165y^^ hush. 
2. A man goes out to collect payment of bills ; he pays 
also his own debts in going ffis round ; thus he gets from 
James $77, 65 ; from WiUiam (105, 37} ; then he pays 
his grocer $98, 12^ ; going on he gets from P. Jones 
$307, 621 ; and from J. Johnson he gets $692, 875 
(ss 87|- cts.) now he thinks himself able to make a payment 
on his house of (with interest) $856, 625, and pays hid 
tailor yet $28, 375 ; how much has he left when he gets 
home ? * J9n«. $200, 4. 

§ 75. We have seen that the multiplication of whole 
numbers alone, and of fractions alone, presents no diffi- 
culty, while the itiixture of both, as we have given an ex- 
ample, by reducing the denominate fractions to fractional 
parts, with small denominators, equivalent to them, has 
shoMm an operation, which we would gladly have exchang- 
ed for one on the same principle as the decimal system* 
Still it will always depend upon the ^ judgment of the cal- 
culator,* to which mode he shall give the preference, if his 
data are partly given in fractions ; because these are often, 
even more generally, in- no complicated proportions, as for 
instance, i ; i ; i ; ^ ; f ; i ; and the like ; and parti- 
cularly when only one factor has a fraction, the operation 
may be easily enough performed, to permit the like reduc- 
, tioos to be avoided, which may, for instance, in ^ ; i; f ; 
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and the like^ lead to intermiiiate decknak. In tbis/there- 
fore, the judgment of the calculator must decide, and it h 
very improper to bind one's self to any single peculiar 
mode ; reflection will lead to* a calculation easy and acu* 
rate, while a mere mechanical process will, when a mis- 
take occurs, cause embarassment. What we would here 
advise is, good order in all calculations ; that any example, 
however complicated, be written distinctly and regularly, 
in the order in which it proceeds, accompanied by the signs 
of the operations that are appropriate, whenever the ope- 
ration itself might not declare it distinctly. All this is no^ 
thing else but the necessary and well known principle, that 
every thing must be done with reflection and -order, if it is 
to succeed. 

The mode of proceeding will most likely be best eluci- 
dated by a few examples of difierent kinds, accompanied 
by appropriate reasoning. 

Ut Example* Seventeen packages* of goods, each 
weighing 72^ pounds.; what is the total weight ? 

Jlns. I2d2^lbs. 

2nd. If one hundred weight of wool is bought at 40^ 
dollars, what will 17f hundreds cost? 

Write this example thu9 : 

17. 1 

40. i 



680. 
30. 

6-H 



716. li 

The first product is obtained by the multiplication of 17 
X 40 ; then | X 40 gives the second line ; then multi- 
plying the 17| by |, or what is the same thing, taking the 
third part pf it, the 17 gives 5, and the remaining whole 
quantity 2 ; wliich reduced to fourth parts, gives | to be 
added to the fraction }, ^ving ^ » ^hich are to be divid- 
ed by 3 ; and give the fractional part || ; the sum of ail 
the three products, is the product of the whole numbers, 
an^ fractions^ ipto e»ph oilier, as required 
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3cL To give an example requiring more fractional ope- 
ration, let the following multiplication be ^ven : 

; 34. 1 
following the operation as before, (the opera- 19. f 

tion shAll here be denoted by the signs.) __• 

9 X ^4 = 806 
10 X 34 =s 340 
Decomposing ) rl9xi=9. ^ 

the fraction I \ •Jxl9 = {19x|« 4.f 

itotoi + i + f ) (19 X}= 2.^ 

and the fraction > , / /^^ _, ,x _ f ^^^^ * "^ Ml 



into,-h,+,j (thesame= 6.n 



34f X 19.f = 688. ii 

In the sahie way any other example of mixed numbers 
would be carried on ; this, which was chosen to show l^ow 
to decompose the fractions for the operation, would evi- 
dently not be executed in this manner by a reflecting cal- 
culator ; for the reduction to decimals is easy, and the de^ 
cimal fractions terminate ; thus : 

' 34 J = 34,875 
19| « 19,6 

313, 875 
348,76 
20, 9250 , 

683,5500 • 

is multiplied with the greatest ea8e> and reducing back-^ 

65 11 

wards again ; the — 5= — ^ By reduction by 5, 

100 20 

5 



65 



100 



11 



20 

4th. A lumber merchant has 12 pieces of timber of. 
46^ fbet long, and 15 inches square ; how many cubic feet 
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hasht; fiod what sum total will he get for it at 12^ eetit« 
the cuhic fbot? 

Here we may evidently proceed either by Denominate 
Fractions, and Practice, or Cross Multiplication, or by 
Decimals ; for the latter the example presents the great- 
est facility, on account of the fractions being easily reduci- 
ble ; it shall be made here ih the three ways, parallel to 
each other for the contents of each pieCe, the rest being 
m^mple quantities, and the money of decimal division is 
"in all cases bei^^suited for decimal multipHcation. 



By CratB 
Multipliealion. 

46. 6 

1. 3 



11. 7. 

46. 6 


6 




58. 1. 
1. 3 


6 




14. 6. 

58. 1. 


4. 
6 


6 



By BeH' 

1,25 
1,25 



72. 7. 10. 6 



1,25 
250 
625 

1^5625 
46,5 



By PraciieeJ 
ft* «n. 
1. 3 
1. 3 




1. 


3 




H 


1. 


«l 


46. 


& 



72, 61^626 



46. 
23. 

1. 

0^ 


6 in. ft. 
3 =6= i 


72. 


n 



The cubic eoi^^ts of each piece beings in decimal 
fhictions, 72,66625 feet, the 12 pieces give 871,875 
cubic feet, and these at 12 j^ cents or 0, 125 dollars, bring 
the amount by multiplying 871,874 X 0, 125, or, what 
is the same thing, 871, 874 x i = 108, 984375 dollars ; 
for which would in actual practice be given, 

Ans. $108, 98^ 

§ 76. The Division of quantities, expressed in whole 
numbers and fractional parts, either vulgar or denominate, 
when the dividend only has fractions, can be made* as in 
common numbers ; after having divided the whole number, 
the remainder is reduced into a frattion of the same deno- 
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minator as the fraction given> and the fractional part being 
added, the division is continued, and gives fractions of the 
same denominator ; so may be continued as far as desired 
, for the intended aim. For decimal fractions, the directions 
given (section 58) may suffice. 

* When both dividend and divisor are numbers mixed 
with fractions, it will be found the most satisfactory, 
therefore most generally the easiest, to reduce the whole 
numbers of bofii to the denominator of the fraction an- 
nexed to each; and writing the resulting fractions, execifte 
the division as shown in its place. 

When the divisor and ^vidend have both denominate 
fractions, we have seen (section 67) that the divisor in 
that shape is unwieldy and disadvantageous, and therefore 
we have there shown two methods applicable with nearly 
equal advantages, to which we therefore refer. 

In the practical application, therefore, either the one or 
th^ otlier of these modes will be chosen, according as it 
presents the greatest advantages ; for it is evidently use- 
less to raise difficulties in a practical work of any kind, to 
have the pleasure or glory of solving them. The object 
here will dierefore only be : to present such questions as 
are soluble by division, either alone, or combined with the 
preceding rules ; for it must have been observed, that it is 
a general prineiple in arithmetic : that all the preceding 
rules are applied in any subsequent one ; so in practical 
questions the same liberty must be allowed, and it is pro- 
per always to show, in any stage of a science, what- can 
be done ^vith what has been taught, up to the step which 
is making. 13f 

Ist Example. To execute the division by reduc- 

6| 
ing the wholp numbers to improper fractions, and reduc- 
ing the result, thus : 

13 X 5 -1- 4 69 



5 6 69 X 8 662 2 

6X8 + 7 65 66 X 5 275 275 

8 8 
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This operation, 9tep for step, is sufficiently clear froin the 
principles of fractions ; the reduction of the whole numbers 
into fractions, with the addition of the numerators, gives 
a fraction to be divided by another, and multiplying both 
the numerator and denominator of this compound fraction 
by both denominators successively, the two whole num- 
bers result, which are be divided for the final result. The 
application of this principle has no other difficulty in more 
comphcated numbers, than the length of the multiplica- 
tions ; this example may therefore suffice. 

In decimal fractions this example would stand as fol- 
lows : ^ 

13,8 

= 2, 00727272 &c. 

6, 875 

354J /y f 

2fid. To execute by both methods.- .// T^T^ 

3d> To execute by both methods* // TsTT 

62H ^/y^ 

4th* A farmer has mowed 78| acres of meadow land, 
whioh yielded on an average 2| tons per acre, and besides 
having wintered with the hay 63 head of cattle, h6 has 
sold 62| tons ; at what average per head has his cattle 
consumed the hay ? Ana. 2^ tons. 

•And how much hay did he make in the whole ? 

Ana. 209^ tons, 

5th> Six men undertake to make the hay on a piece 
of land for 65 dollars, besides their board, which they do 
in 11 days, and make 39 tons of hay ; at what rate did 
they make wages, how much per ton did tl\p hay cost to 
make, reckoning the board at 25 cents per day for each 
man, and how much hay did each man m&ke on an ave- 
rage per day ? 

They made ^f of a ton, or half a ton and jV per day. 
» ' » 98a cents per day, nearly, besides board. 

The hay cost $2, 09 nearly, per ton to make. 

6th. A man undertakes a job for $195 ; he hires for 
help 6 men, at the rate of 62^ cents per day and their 



THE POUR KUt&S OF ARITHMETIC* 113 

beared, which he calculates to cost him for each 25 cents 
daily ; he works, with these men, 30 days ; how much 
wages did he make per day, pajdng his board at the same 
rate as the men he hired ? Ans* $1, 875 ftr day. 

And how much did his men cost him ? Ans, $131, 25. 

*it}u A sum of $1311 is to be paid in six equal instal- 
ments, with interest at 7 per cei^t. each time upon the 
sum unpaid, the first instalment b^g' o;^ the delivery o? 
tlie goods, the others yearly. What will each payment 
amount to ? 

The Ut will be $218, 5 



5> 
5J 



2nd 




294, 975 


U 




279,68 


4th 




264, 385 


5th 




249,09 


6th 




233, 795 



5> 

Dividing the whole sum by 6 gives the equal yearly pay- 
m&ota of die capital, which subtracted every year from the 
last capital, gives the capital, the interest of which at 7 
per cent is to be added each year to the equal payments, 
the first or present payment having no interest upon it. 

Sth, There are in a page of &is book on an average 
2000 pieces of type ; the spacf filled by them is 3, 1 
inches broad, and 5, 5 inches long what square space in a 
mean does each piece occupy ? Jlns. 0,^008025. 

EXAMPLES FOR THIS CHAPTER. ' 

1. What do 5 pieces of cloth of 28^ yards each, come 
to, at $3, 37^ per yard ? 

2. One pound sterling is equal to $4, 444 ; (with con- 
tinued decimals of 4 ;) how much is £975^, expressed in 
dollars ? ^ns. $4335, 55 1 22. 

3. A captain of a vessel has on board 706 packages, 
each measuring f of a ton ; 89 others, each measuring f 
a ton ; and 405 others, each measuring f of a ton ; how 
many tons of lading has he ? Ans. 264t tons. 

4. A captain has on board 170 bales, each paying might 
$1, 25 ; 305 packages, each paying 87j^ cents ; 230 tons 
of other goods, each ton paying $12, 62| ; and 6 passen- 
gers, each paying $78,50; how much does his whole 
freight and passage iQoney amount to 1 An$. $.3854; 12f « 

10* 
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5. A raft cftntains 305 piebee of timber ; of these 120 
are oak, 36 feet long and 16 inches square ; 50 pieces of 
oak, 45 feet 6 inches long, and 18 inches by 14 inches on 
the sides ; 166 pieces of pine masts, reckoned at 2 feet 6 
inches square and 60 feet long. The rest pine timber, 17 
inches square by 60 feet in length. The oak timber sells 
at 45 cents per cubic foot ; the masts at 80 cents the cu- 
bic foot, and the pine timber at 15 cents the cubic foot. 
How much money will the whole raft come to in the sale ? 

6. For plastering a wall the mason has to receive 21 
cents per square yard (or the square of 3 feet each way, 
and containing therefore 9 square feet ;) the wall which he 
has plastered is 13| feet high, and 22 feet long; how, 
much has he to receive for it T Atis. $6, 93. 

And how many yards does the wall contain ? 

Ans. 33 yard9> 

7. How many square feet front of brick wall can be 
built with 3600 bricks, the thickness of the wall being the 
length of two bricks, and the end of the bricks being 4 
inches by 2? .^»«. 1000 feet square* 

S, A merchant makes 16^ per cent, upon merchandize 
that costs him $7, 65 ; how much will his profit amount to ? 
*= 7^550 X 0, 166 = Mns. $1262,25, (according to the 
principles of decimal fractions.) 

9. Thto tare allowed upon a certain merchandize is 2^-. 
per cent, ; how much will it amount to upon 7355 weight? 

(Expressed as above) = 283, 875. 

10. A grocer had according to his last inventory 
317 lb. 10 oz. of sugar ; 561 lb. 4 oz. of cofiee ; 451 lb. 
6 oz. tea ; 15 lb. 3 oz. pepper ; 3 oz. 6 4wt. mace ; 152 lb. 
rice ; 17 gallons rum. He has sold since, 283 lb. 6 oz. 
4kugar ; 341 lb. 7 oz. coffee ; 349 lb. 5 oz. tea ; 11 lb. 
8 oz. pq)per ; 2 oz. 6 dwt mace ; 5 gallons and 3 gills of 
rum ; 121 lb. 7 oz. rice ; how much has he left of each 
kind? 

11. A man has to travel 75 miles; he walks the first 
day 20 miles 3 furlongs; the second 18 miles 5 fur. 
20yds. ; the third 23 miles 7 fur. 50 yds. ; how much of his 
jouyney remains every evening to be performed! 

12. William the Conqueror acquired the throne of Eng« 
Amd thQ 2.6th December, 1066, and died 8th September^ 
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10S7« His son, William the Second, who immediately 
succeeded, died die 2d August, 1100. Henry the First 
succeeded, and died the lOth December, 1135. How 
long did each of them reign ? 

13. Three men starting at the same time from one 
place, arrived at another determined place, the first afler 
10 h. 16 m. ; the second aflter 12 h. 42 m. ; the third af- 
ter 15 h. 3 m. How much did each of them arrive after 
the other? 

^ 14. Bought 27 lb. 5 oz. 16 dwt. of drugs at the rate of 
$9y 75 the pound ; how much ^viIl be the amount? 

15. Bought 3 bales of cotton, the first weighing 1016 
lb., the se.cond 998 lb., the third 1093 lb., at 17j^ cents 
the pound ; what is the amount to pay ? 

16. A room is 22 feet 5 inches long and 18 feet 9 
inches broad ; how^any yards of yard wide carpet will 
it need 1 

17. A ivall is 8 feet 7 inches high, and 65 feet 9 inches 
in circumference ; how many feet of plastering will be 
in it? 

18. Required the solid contents of a wall 74 feet 6 
inches long, 2 feet 9 inches thick, and 24 feet 4 inches 
high? 

19. Required the solid contents of a box 5 feet 2,5 inches 
long, 3 feet 5 inches broad, and 2 feet 5, 8 inches deep ? 

20. How many cubic feet of earth will fill a dock 205 
feet long, 75 feet broad, and 8 feet 7 inches deep ? 

21. If 87 lb. '6 oz. of coffee cost $18, 38 what is the 
price of 1 pound ? 

22. What is the price per pound of spices, when 34 lb. 
7 oz. cost $25,82 ? 

23. What is the length of a piece of tunber 15 inches 
square, the cul»c contents of which is 69 feet 6 inches ? 

24. What must be the depth of a square vessel, 1 foot 
3 inches one way, and 2 feet 2,5 inches the other way, 
that shall hold 4 feet 2,5 inches cubic measure ? 

25* What must be one side of an area containing 2015 
square feet, when the other side is 50 feet 7 inches ? 

26l If a horse runs 8 times round a circus in 1 h. 
45 m. 20 s., how much time will it need for each turn? 

27. A lumber merchant bought 6527 cubic feet of tim- 
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befy in 321. pieces : how much did each piece average in 
cubic feet? 

28. A brick wall, 2 bricks length in thickness, is 69 feet 
long and 26 feet high ; how many bricks does it contain, 
each brick being 8 inches long, 4 inches broad, and 2 inches 
Uiick, when laid? 

29. A purchase of goods that cost $765,25, was sold 
for #973,52; what was the profit ? 

30. A man has $8264,91 debts, and his property 
amounts to $7431,80 ; how does he stand ? 

31. Three men buy land, the one 5,212 acres, at $2,25 
per acre, the other bought 281 acres for $600, and the 
third bought as much land as they both, for $892 ; what 
had the first to pay, how Inuch land did the second buy, 
how much land had the third, and at what price did it stand 
him? 

32. A brick, when laid in the wall, has 7,8 inches 
length, 3,9 breadth, and 1,8 inches thickness ; how many 
bricks will it take to build a wall two lengths of bricks 
thick, 25 feet long, and 36 feet high ? 

33. At 6 per cent, interest, what must foe the capital 
that will produce an income of $500? 

34. A man having $600 a year, how much may he 
spend a day to save $200 in the year? 

35. What is the interest at 7 per cent, of $12,450 ? 

36. Upon 20 hogsheads of sugar, of 850 lbs. each, 
what is the tare, iit 3 lb. for every hundred weight? 

37. Three persons purchase together $500 of stock, at 
5 per cent, premium, which brings in 8 per cent, interest ; 
how much must each pay, and how much yearly interest 
will each have for his share ? 

38. A house is to be plastered, at 21 cents per square 
yard. Now there has been plastered an entry 35 feet long, 
and 11 feet 6 inches high on both sides, the 2 ends being 
given in, as compensation for the vacancies on the sides. 
Two rooms of the same hei^t, in each of which, two 
sides of 20 feet long are reckoned full, and one end of 18 
feet also reckoned full, to compensate for the vacancies, 
the fourth side is given in. Two upper rooms of 20 feet 
long, 14 feet broad, and 9 feet high, are reckoned'in the 
same manner as those below, and one room has 14 feet by 
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16 feet 6 ipches, which is considered as plastered all round. 
How much will the expense of the whole plastering be ? 

39. Suppose the above entry and rooms were to be 
wainscoted with simple boards, at the rate of $1,25 for 
every hundred square feet, what would be the expense 1 

40. A quantity of goods is bought for $3,521, and j^old 
at 15 per cent, loss, for what was it sold 1 

41. A dock to be filled in, has 250 feet length, 95 feet 
breadth, and the perpendicular depth being 8 feet on an 
average, how muny cart loads of earth are needed to fill 
it, at the rate of 7 cubic feet per cart load ; and how much 
will it cost at 6 cents per load? 

42. How much will the glazing of a house cost, that 
has 28 windows, each of 24 panes of glass, at the rate of 
13 J cents for each pane ? 

43. How many bricks are there m a wall twoiengths of 
a brick thick, 20 feet long, and 38 feet high, the bHcks 
being of the dimensions stated in the thirty-second ques" 
tion? 

44. An old tower 40 feet square on the outside, has at 
lii^st, a wall 10 feet thick for 20 feet .of elevation, then for 
36 feet the wall is 8 feet thick, then fcr 16 feet it is 5 feet 
thick, the outer sides being perpendicular ; how many cu- 
bic yards of stone are there in these walls, (neglecting 
doors and window openings) how much will the stones 
cost, at 22 cents the cubic yard, and how much will the 
bailding of the wall cost, at the rate of 29 cents for every 
cubic fathom ? What will be the weight of stones in it, 
the cubic foot being reckoned at 178 lbs. ? 

45. A carpenter has 6^ cents per cubic foot for hewing 
timber ; now he hewed 25 pieces of 15 inches square, (on 
each side) and 36 feet long; 16 pieces of 1 foot each 
way, and 42 feet long ; '28 pieces 18 inches by 20, and 26 
feet long ; 12 pieces of 10 inches each side, and 32 
feet long ; and 15 pieces of 8 inches by 12 each 9ide, and 
18 feet long. How much money has he earned? 

46. Two rooms are to be painted all round, the height 
of which is 12 feet 4 inches, the length of one, 32 feet, 
and its breadth 24 feet ; the other, 18 feet 6 inches long, 
and 16 feet 6 inches broad, how much will bathe cost, at 
7 cents per square yard ? 
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47. What will bft the expense of paving a street 568 
feet long, and 30 feet wide, at the rate of 65 cents per 
square yard? 

48. What will be the weight of lead that is upon a roof 
25 feet long, and 28 feet 6 inches slant on each side, at the 
rate ofSMbs. the square foot? 

49. What will be the amount of slating a roof of 38 
feet 6 inches long, 31 feet 4 inches slant on each side, 
at the rate of $4,25 per square, of 10 feet side? 

50. How many days will three carpenters take to shin* 
gle a roof 88 feet long, 28 feet slant on one side, and 32 
on the other, at the rate of two and a half square, of 10 
feet side, per day for «ach man, and how much will it cost 
at $1,20 per square? 

51. What will be the amount of 4572 square feet of 
boards, at the rate of $10,50 per thousand feet ? 

52^ A vessel imports goods to the amount of $9650, 
which pay duties at 21 per cent, on their value; of 
$12,600, paying 30 per cent. ; and of $21580 pay 15 per 
cent duty ; besides 30 casks of wine, averaging 58 gal- 
lons, each of which pays 20 cents per gallon ; what will 
the duties on the whole cargo amount to ? 

53. How mapy miles did that vessel travel in a year, 
which made three times the voyage to Europe and back 
agaip, every time averaging 26 days, saihng in a mean, at 
the rate of 6~ miles an hour ? 

54. If a voyage to Batavia takes 90 days, the vessel 
sailing on an average 5| miles an hour, how many miles 
does Uie vessel sail in the whole voyage ? 

55. If a baker works out 9 barrels of flour every work* 
ing day in the year, at 196 lbs. each bcrrel, how many 
pounds of flour does he lise, and if he make one third 
more weight of bread out of it, how many pounds of bread 
does he mi^e, and if he sells the bres^d at 4 cents the 
pound, how much does he make in a year, when the flour, 
costs $5 per barrel? 

56. If 18 dozen bottles of wine cost $62,. what is the 
price of each bottle? 

57* The nearest approximation between the earth and 
Yenus^ is in a mem 32^560,000 miles, the velocity of a 
cwmon ball being about 2000 feei^n a second, how long 
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vould the cannon baU have to run^ to go from planet to 
planet, if they remamed stationary in such a position? 

58. A year's rent of a house being $96, the occupant 
has laid out in repairs ,924,56, and paid the taxes amount- 
ing to 97,46, what has he yet to pay? 

59. A man having $660 a year, economises $150 annu- 
ally ; his income being raised to $1500 a year, how much 
can he spend daily to economise double as much as be- 
fore? 

60. If a man earns 65 cents per working day, at what 
price can he board, so as to save $S9 for his clothing and 
other expenses per year ? 

61. A bill of Exchange on London for 372/. 12«. ster- 
ling, is bought at 8 per cent premium, what is to be paid 
for it in dollars, at $4,44 to the pound sterling ? 

62. What will the commission at 2 j per cent, amount 
to, on goods of the amount of f 7652 ? 
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PART III. 



OF RATIOS AND PROPORTIONS. 



CHAPTER L 

Elementary Considerations of Ratio, 

§ 77. In the very outset we have shown, that quantity 
was all that is capable of increase or decrease, without 
[ regard to the nature or kind of things the number of wliich 

■ ' was increased or decreased. Frow tlie simple step of 

I considering two things together, or adding them, and then 

successively more, and the same a repeated number of 
times ; or diminishing a certain number of things, for as 
many as a given number indicates, first once, and then as 
many times as it may admit of, both by the use of a de- 
termined system of numeration ; we have arrived step by 
step at the principles of the combination of quantity, and 
conversely again, to the decomposition of a combination 
into its parts. 

This process has led us to the four rules of arithmetic, 
that have been explained successively, two of which have 
been shown to be the opposite of the two others ; each 
leading alternately to the decomposition of the composi- 
tion of the other, as addition and subtraction, multiplica- 
* tion and division ; the latter two of which have been shown 
to be the result of the continued repetition of the first two. 
By these means all the operations upon quantity in usual 
life, which depend merely on combinations, have become 
calculable, as shown by the application made of this 
theory in the second part. 

This retrospective view of the part of arithmetic hith-. 
erto treated of, appears proper to be taken here, in order 
to awaken appropriate reflections in reference to the whole 
of what has been done, and the means it has furnished for 
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further progress. The scholar, attentive to what he had 
done hitherto, cannot but have acquired the faculty of rea- 
soning upon quantity. > The reflections which we shall 
have to make in future will be as simple as before, but the 
application of them will require that he have made himself 
acquainted with the tools, or means, which he has been 
shown in the first part and has now to use in the following 
parts of arithmetic, and that he have acquired some dexte- 
rity in their use ; he will do well therefore to cast back upon, 
the whole a cursory view, in order the better to compre- 
hend the general ideas that have directed it. 

§ 7S. The consideration which will be the foundation 
of the part of arithmetic to be now treated of, is the Relo" 
tion which the quantities may have to each other, whether 
they be combined in any way, or not. 

The relation of quantities to each other, in whatever 
■way it may be, is called their Ratio, As we have seen 
that the increase or decrease of quantities depetids on 
their combination, so their relation to each other, that is, 
their Raiioy must also depend on thei^ possible combina* 
tion, as it is determined by it. The Ratio i^, therefore, 
also considered in relation to these combinations ; and^ as 
we have had the two principal combinations, of addition 
or subtraction, and of multiplication or division, so we have 
also two hinds of ratio, corresponding to* them ; namely, 
by. addition or subtractiony and this is called *Ariikmetical 
ratio ; and by multiplication or divinon, which is called 
the Geometrical ratio. We evidently here again find tho 
second a repetition of the first, as multiplication and divi- 
sion are the repetition of addition and subtraction ; but 
we may omit going so far back into elementary considera- 
tions, and proceed forward with the general idea, to ren- 
der it fruitiTui for practical use.* 

These two kinds of ratio take their mark of notation 
from the marks applied to the cotnbinalions or rules of 
arithmetic, on which they depend ; thus : 



^ The propriety of these denominations is not worth discussing: ; 
they are mere names, to which the idea above explained is to be 
attached, which forms what is called their definition. 
11 



i 



L 



ld2 KLSBISVTABY COKSlDfiRATIONB OF ILATIO. 

Th&arithmetic&l ratio of 7 to 3, is expressed by 7 — 3 
The geometrical ratio of 7 to 3, is expressed by 

7 :'3; or — 
3 

They might be equally well expressed by the signs of 
addition and multipUcation, if we were in tiie habit of ge- 
neralizing the considerations on quantity to that extent ; 
, and we shall see hereafter^ that their theory leads to it ; 
that is to say, that when the ratio of two quantities by sub- 
traction, or division, to which the above signs are appro- 
priated, are given, their ratio by addition, or multiplication, 
is also given ; or the one is a consequence of the other. 
In the habitual mode of writing, therefore, an arithmetiad 
ratio expresses a Difference between two quantities, and 
a geometrical ratio expresses the Quotient arising from the 
division of the two quantities ; this latter is called the In^ 
dexj when referred to the geometrical ratio. 

§ 79. The simplest reflection leads to the idea : that 
two or more such ratios may be exactly equal to each 
other, as well as two quantities in general; such an Equal' 
ity of ratio is called a Proportion, 

This principle between two ratios is expressed very na- 
turally by the sign of equality between them, as for ex* 
ample: 

An arithmetical proportion will be expressed thus : 

7 — 3 ^ 12 — 8 

This says : the difference between 7 and 3 is equal to the 
difference between 12 and 8. 

A geometrical proportion will be expressed thus : 

12 : 3 ==: 16 : 4 ; or V = V' 
And this says : the quotient of 12 divided by 3, is equal 
to the quotient of 16 by 4, as it is evidently in both ratios 
=s 4 • and this is therefore also the Index of the two equal 
ratios. 

The first term of a ratio is called the Antecedent ^ the 
second the Consequent; the first and last terms of ajpro- 
portion are called the Extreme t&rms, the second and third 
the Mean terms, 

^ nearer investigation of the properties of these ratios 
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/will justify the assertion made above^ for we shall find: 
that the arithmetical proportion, expressed as a difference, 
gives also an equality of sums ; and the equaUty of the 
quotients or Indices, in the geometrical proportion, an 
equahty of products ; and that in this property Ues their ex- 
tensive utility in all calculations. 

§ 80. It may be easily seen that, while in the precede 
ing part of ariUimetic, .grounded upon combination only, 
we were limited to things of the same kind. We obtain 
by this extension, or the consideration of the Relation of 
two things to each other in respect to Q^antityy the means 
of forming conclusions by calculation from things of dif- 
ferent natures mutually acting upon each other, or whose 
quantity depend on eacH other ; by the condition, or sim- 
ple consideration, of the Eqtuility of the ratio of two 
things of one kind, to two things of another kindy which 
ive observe in nature in all things ; for we may see a herd 
of cattle, as much, or as many times, larger than another 
herd of cattle, as the money owned by one man is as much, 
or as many times, larger than the money owned by ano- 
ther man ; a mountain as much or as many times higher 
than a house, as the amount of one bill of exchange is of 
as much, or as many times, a greater amount than ano- 
ther ; always with reference to a determined unit, for each 
kind of things, which is understood or designated, by the 
denomination. 

These considerations are daily, made in common hfe, 
by every one, and they need only be transferred into the 
language of arithmetic, to direct us in the principles of 
calculation derived from them. 

The first of these ratios and proportions, namely the 
arithmetical, are naturally more limited in their apf^ication 
to practical purposes, as they are the result of a more li- 
mted scale of combination. The appUcations of the 
second, namely, the geometrical, are much more exten- 
sive, depending on a higher scale of combination ; the 
geometrical proportion is the principle of what is called in 
arithmetic the Aide of Three. 

§ 81. I have thought proper to enter into these elemen- 
taiy deductions, though their aim is thereby kept back foir 
a short time, because it is all-important in .any study to 
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conceive the fundamental ideas in their generaliz^ioiiy 
thepehythe explanation is so much faGilitated, as ulti- 
mately to lead to a shortening of the task, both of teach- 
ing and of studying. To render these fundamental ideas 
useful, we shall in the first place show the consequences 
which he in them, from the principles of combination upon 
which they are grounded, and the condition of equality, 
which forms the particular nature of a proportion. We 
may already, from the simple enunciation in signs, as it 
appears above, conclude : that their application to ptac' 
tice consists in the evident property, that any three of the 
four quantities so conditioned, being given, the fourth is 
necessarily determined ; the manner in which this is ren* 
dered of practical use, will appear from the invest^ation 
of the Properties resulting from the prineiplea ojthe^e 
praportiom. 



V 



CHAPTER ir. / 

^Arithmetical Proportion. 

* § S2. In Arithmetical Proportion the principle evident- 
ly is : that the difference (or, as shown equally well, the 
sum) of two quantities foe equal to the di^rence (or sum) 
of two others. Therefore if each ratio is increased or de- 
creased by the same quantity, the Principle of equality 
continues to subsist as before, because the quantities -em- 
ployed, and the ratios themselves, are both equal ; as it is 
evident that the arithmetical proportion expresses only an 
equality of two quantities in the form of the difference (or 
th» sum) of the two others ; thence we have, for instance^ 
from the preceding arithmetical proportion, , 

7^3=12 — 8 
by adding on both sides the number 8, 

7 + 8 — 3= 12 — 8 -f- 8 
and by again adding 3 on each side, > 

7 + 8 — 3 + 3 = 12 — 8 + 8 + 3 
And as we have seen tbet addition and subtraction are in* 
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verair operations, and therefore compensate each other, the 
+ and ^- also compensate, when they are affixed to the 
same quantities,; therefore the 4* 3 — 3 on one side, and 
the + 8 — 8 on the other, reduce both Ihese numbers to 
nothing, and our arithmetical proportion is changed by it 
into 

7+8 = 12 + 3 •* 

an expression exactly of the kind that it has been said 
(section 78) could also be u^d for expressing the arith- 
metical proportion ; this result, expressed in words, gives 
ihe fundamental property of arithmetical proportions, that : 
in any arithmetical proportion, the sum of the tvfo extreme 
terms is equalio the sum of the two mean terms. 

If we hiad expressed the arithmetical proportion as a 
sum, as. the above expression shows^ we would have the 
result : that the difference of the extremes is equal to the 
difference of the means, by the simple principle of the two 
arithmetical operations of addition and subtraction beuig 
opposite to each other. 

Or, we would obtain from 

7 + 8=12+3 
by subtracting 3 on each side, 

7 + 8 — 3 = 12+3 — 3 
and by subtracting in this 8 on each side, 

7 — 3 + 8 — 8 = 12 + 3 — 3 — 8 
where we obtain again by the compensations, as shown in 
the other case, 

7 — 3 = 12-8 

that is, the arithmetical proportion in the form in which it 
was first stated. 

From the above result we are authorised to conclude : 
that any operation of arithmetic, performed equally on both 
equal ratios, leaves the principle of the equality of the ra- 
tio unchanged ; that is, equality will exist between them 
notwithstanding ; and by this principle are guided, and of 
course deduced with full authority, any changes in the 
parts that may become necessaiy for a given aim, in prac- 
tical calculation ; thus it is evidently allowable to make 
the following changes in the above arithmetical propor* 
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As : oii^nal, 7 — 3 = 12 ~ 8 

by adding equals 7— 3 + 6 = 12 — 8 + 6 

subtracting equals, 7 — 3 — 2 = 12 — 8^—2 

multiplying by e<pials, 5 X 7 — 3 X 5=12 X5— 8X5 

'7 3 12 8 

dividing by equals, = — • 

4 4 4 .4 

Upon the same principles the places of the terms mayif)e 
interchanged, by transposing the two extremes, or the two 
means, or both, mutually ; either of the proportions re- 
sulting will give the sum of the mean terms equal to that 
of the extremes, that is, preserve the fundamental princi- 
ple of presenting an equality of differences, as well as in 
i the original proportion ; thus is obtained : 

' 7—12 = 3 — 8 

8—3 = 12 — 7 
8 — 12 = 3 — 7 
all giving 7 + 8 = 12 + 3 

Two or more such proportions may also be composed 
hy the addition or subtraction of the terms, respectively 
^termfor term ; thus the following two arithmetical propor- 
tions will give results as follows : 

7 — 3 = 12 — 8 > , . 
16 — 4 e= 19 —7 J ^">g g^^®^> 

we have from them^by addition and subtraction, 

(7 + 16) — (3 + 4) = (12 + 19) — (8 + 7) - 
(16 _ 7) — (4 — 3) = (19 — 12) _ (7 — 8) 

which gives again the sura of the extremes equal to the 
sum of the means, that is the fundamental principle of this 
proportion. 

§ 83. In these principles and combinations, or muta- 
tions, lie the means, by which numbers, thus related to each 
other, are made susceptible of calculation ; their mutual 
dependance therefore shows: that, when any three of 
them are given, the fourth is necessarily determined, there- 
fore calculable, according to the prindples here explained. 
The arithmetical process resulting from them is evident, 
for if from one of the above sums of extremes or means, . 
we sid)lraet either of the terms of the other sum, we ^halt 
bave the result equal to the other term of the latter gimi. 
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or what is called the fourth term. Thus, if ire had in the 
above original arithmetical proportion the first three terms 
given, as 

7 — 3 = 12 — 8 

making the sum of the mean terms, 

3 4- 12 = 15 
and subtracting from it the first (or the given) extreme, 
namely, 7, we have 

15 — 7 = 8 
and then the complete proportion 

7 — 3=»12 — 8 
as above. 

§ 84, When, in such an arithmetical proportion, the 
same number which has been ilit consequent in the first 
ratiOy is the antecedent of the second ratioy the proportioix 
is called a Continued arithmetical proportion ; as in the 
following : 

12 — 10 = 10 — 8 

The middle term, which is repeated, is called the.arith- 

metical Mean ; it is of course equal to half the sum of 

the two extremes ; we have, for instance, here 

12 + 8 ^ 10 + 10 = 2 X 10 

12+8 20 2 X 10 

or , = _ = 10 = = 10 

2 2 2 

that is, identical results. 

Such a proportion may evidently be continued through 
a whole series of numbers, as follows : 

12— 10= 10— 8=8— 6= 6 — 4=4 — 2 = 2-0 
Then the 'numbers 12; 10; 8; 6; 4; 2; 0; are said 
to be in continued arithmetical proportion ; and the Series, 
thus Insulting, is called an an7/iOTcfo'ca/ Progression, or 
an Arithmetical Series. Their use is very frequent in 
higher calcuilations, and we shall treat of them hereafter ; 
we will here only state, that the successive numbers may 
either increase or decrease according to the same principle ; 
and that, from the nj^ure of their application in practice^ 
they are always wiitl;!^ in the manner we have stated that 
arithmetical propoi^ou imght be written; namely, ^vith 
th« sign of addition between Uie terms f thus * 
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12+10 + 8 + 6+4 + 2 + 

would be a Dtcrtaaing arithmetical progresstouy or series ; 
and 

3 + 5 + 7 + 9 + 11+13 + 15 + 17 

an Increasing arithmetical series^ or progression ; both 
are subject to the same laws, and the same principles, for 
the mutual determination of their several parts from each 
other, as we shall see in its proper place. 



CHAPTER III. 

Geometrical Proportion, 

§ 85. The principles of Geometric Ratioy as we have 
seen above, take their rise in the combinations of the.se- 
second kind, explained in Part I., that is, yrom Mtdtiplic^i-' 
tion or Division. In it therefore the ratio is considered 
qA the indication of how many times a quantity is greater 
or smaller than another ; the quantity indicating this ratib 
in one single number is csdled the Index of the Ratio ; it 
is exactly the same as the Qiuotient in a fraction or in a 
dimsion. 

The investigation of the consequences of this pi^nciple 
in a geometrical pn^ortion gives the general law) which 
must guide all the operations founded upon geometrical 
proportion, and lead to the discovery of all its properties. 
For this purpose it is habitual to present the geometric 
proportion as an Equality offractionsy or quotientSy which 
we have found it to be ; thus we have 

12 ; 3 = 16 : 4 

12 16 

or — = — ; evidently presenting 

3 4 

the identity 4 = 4 by the execution of 

the division, and indicating 4, as the Index or the Quotient, 
Reducing the two fractions to a common denominator, 
,we obtain, without any change in the value, (as proved ia 
fractional 



aeOMETBICAL FiU>FOBTI(m% 129 

12 X 4 16 X 3 



3X4 3X4. 

On account of the whole fracticms or quotients being 
equal, from the nature of geometric proportions, and at 
the same time also the cienoroinators of the fractions ob* 
tained, which are identical, being the products of equal 
factors, it is a necessary consequence, that the numerators 
must also be equal. 

Therefore 12 X 4 « 16 X 3 

which is evidently identical with 48 = 48 

Comparing this result with the geometrical proportion 
given, we obtain the proof of the essentifU property of 
geometrtccd proportions ; that the Product of the two ex^ 
ireme terms is equal to the Product of the two mean terms. 
A property exactly analogous to that obtained for the arith- 
metical proportion, which- in that case relates to the sums 
of the terms, and in this to the products. 

This at the same tunc coni^rms the general principle 
stated above: that a geometric proportion might be equally 
well expressed by a product, as by a quotient, and by ope- 
rations the converse of those made above, it would lead 
to the expression of an equality, by division, that is, equal 
quotients or ratios. We would in that way of represent- 
ing the proportion, by dividing both sides successively by 
3 and 4, obtain from the expression 

12 X 4 — 16 X 3 

< 

12 X 4 16 X 3 



3x43X4 

And because the 4 in the one fraction, and the 3 in the 
other fraction, compensate, by division in the numerator 
;and denominator, we have from this ; 

12 16 

3 4 
or 12 : 3 Bs= 16 : 4 
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that k, the identical expression of the usual geometrical 
proportion.* 

§ 86. The principle now deduced, and proved, gives 
all the consequences, which are so useful in the applica- 
tion of geometrical proportions to practical calculation ; 
namely : that in a geometrical proportion, all those mutc^ 
Uona are admissibley which do iwt alter the principle^ that 
the product of. the two extreme terms is eijjual to the pro- 
duct of the two mean terms. 

Therefore we can make all the changes analogous to 
the arithmetical proportion ; in relation to the example be- 
fore us, we deduce from 

12 : 3 =i 16 : 4 

lst» By transposing the 

f™^^^^ herms | 12 : 16 - 3 ; 4 
\ extreme ) ^^"^ J 4 : 3 = 16 : 12 

2nd. Changing antecedents into consequents 

3 : 12 = 4 : 16 

These are all evident, from the simple principle : that 
the products of two quantities are the same, whichever of 
the two be the multiplier, or multiplicand ; that is, because 
3 times 4 is the same as 4 times 3, as well known ; or 
any two other numbers ; the above all equally present : 

3 X 16 a» 4 X 12 = 48. 

Sd. Multiplying by the same number either 



* The mathematical expression of these two modes of present- 
inf the g^eometrieal praportion woald be; by the products ; that 
theprt^orlion u an equality of products; and by the usual mode 
it is: a proportion is an equality of quotients; this cannot escape 
the notice of any one reflecting upon ihe principles stated at the 
very outset; that in all the arithmetical principles of operation, 
the sjTsiem must hold good, or be true, both directly and con* 
versely. The sign of equality between the two ratios forming a 
proportion^ is therefore the only proper sign, and the four dots used 
by many authors, are against principles, because they do not con> 
Tey the idea of the principle, a thing so essential to actual know- 
ledge. So to write, for instance, 12 : 3 : : 16 : 4 is wtong, or at 
least, a pleonasmus of signs, leading into misapprehensions, a thing 
contrary to principles inexact science. 
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. both antecedcQtB, as 2x12:3 = 2x16:4 
or both conseqfteots, as 12 : 2 X 3 ==? 16 : 2 X 4 ' 
or all the terms, as 2 X 12 : 2 X 3 =» 2 X 16 : 2 X 4 

The results must evidently preserve the principle of equa-* 
lity of products of extremes and means; because in 
every case the same multipher is contained in each pro- 
duct ; for, though the products present other numbers, the 
identity of their results reduces them to the same prin- 
ciple. • 

4iJu Dividing in the same manner as before will give 
in the same order : 

12 : f = 16 : 4 

To which the same reasoning applies as to the multiplica- 
tion ; and it is proper to msike the division in all cases, 
where the data of a proportion are compounded of num- 
,bers having common measures, in the corresponding 
terms ; that is, either in the two terms of one or the other 
ratio, or in both antecedents, or in both consequents. 

We can also compose and decompose the geometrical 
proportion by its anteccident and consequent terms, in such 
a manner as to obtain the proportion between their> sum 
or difference and the antecedents or consequents, or be- 
tween these sums and differepces themselves, which fur- 
nishes an additional' means of calculation for a number of 
practical cases. 

5th. Thus we obtain from our example the following 
results of mutations ; viz : 

By adding the antecedent and consequent and compar- 
ing them to the antecedents : 

12-1-3: 12 = 16 -f- 4: 16 
By comparing the same to the consequents : 
12 + 3:3 = 16 + 4:4 

By comparing the differences of the antecedents and 
the consequents to the antecedents : , 

12 — 3': 12 = 16 — 4 : 16 .. ^ .. ,.^ 
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By compdnng the same to the consequents : 

12— 3:3=s 16 — 4:^ 
By eomparulg these sums and difierences themselves : 
12 + 3:12 — 3 -8 16 + 4: 16 — 4 

AH these compound proportions have necessarily the 
property of giving equal products of the extreme and the 
mean terms, and all the mutations under 3cf, 4thy and 5thf 
again admit, of course, the exchange of the places of the 
ejptreme and the mean terms, whi(^ the original propor- 
tion admits* 

Therefore, we may also, instead of adding or subtract- 
ing antecedents to or from consequents, and alternately to 
compare to either consequents or- antecedents, or one to 
another, add to each other,. or subtract from each other 
immediately, the two antecedents or the two consequents, 
and compare them exactly in the same manner as hereto^- 
fore* Ais for example : 
from 12 : 3 B 16 : 4 

deduce 12 + 16 : 3 + 4 = 16 : 4 = 12 : 3 

or 12 + 16 : 16 — 12 = 3 + 4 : 4 — 3 

Which will give by products of extremes and means : 

the first r^ + *)»« = (12 + 16)4 
t 112= 112 

the second {(* + ^^^^^ " g)= (^^-^^^^ + 1«) 

and so in the other corresponding mutations. 

Any one of these mutations is to be aj^lied either to 
disengage one of the quantities contained in a given pro- 
portion, or whenever it can lead to an abridgement of 
•the statement ; and in proportions apparently compound 
they often lead to the final solution, without its being ne- 
cessary to have recourse to both the multiplication and di- 
vision of the terms themselves, only the one or the other 
of the operations remaining at last to be performed ; that 
is, the one or the other term is reducible by it to unity ; 
*tl»e future application will show this by examples in given 
jnises* 



5 
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As any of these operations can be repeated agaixii with 
eveiy new proportion resulting, a proportion can beobtain- 
ed) between any number of reputed sums and differences 
of antecedents and consequents, compared either one to 
the other, or to either of the antecedents and consequents 
of the onginai proportion ; and as the consequents can 
be changed into antecedents also to the antecedents, or to 
the consequents* 

§ 87. If we have two geometrical proportions, fhey 
may be multipUed together, or divided the one by the 
other, term by term, with equal correctness of conclusion ; 
for it is the same as multiplying two equal fractions by two 
other equal fractions^ the pro<hicts of which will again be 
equal ; therefore, according to tiie principles first deduced, 
the products of the extreme and mean terms will again be 
equal. 

For example, let the two following 'proportions be thus 
composed; viz: ^ 

18 : 6 = 12 : 4 or the fmctions Y = V 
and 15 i 3 = 25 : 5 , " " V = V 

Multiplying the proportions term by term, or eqnal frac- 
tions by equal fractions, we obtain : 

18 X 15 12 X 25 

18x15:6X3 = 12x25:4X5; or = 

6X3 4x5 

whore the product of extremes and means gives 

18x15x4x5 = 6X3X12X25 

5400 = 5400 

and by reducing the fractions, by means of their commdn 
measures : 

15 = 15 

In like manner, by division, we would obtain from the 
foregoing 

18^ 6 12 4 18 X 3 12 X 5 

15 3 25 5 6 X 15 4 X 25* 

giving, by products of extremes and means> 

12 " 
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6 X 12 4 X 18 24 24 



3 X 25 6 X 15 26 25 

or as fractions I = ^ 

all equally leading to identical insults. 

Supposing, therefore, six terms in these two proportioiid' 
g^ven, in any manner, the two remaining terms may be 
determined from them. And in generd : as many pro- , 
portions as are given, so many unknown quantities may | 
be determined by them. ' 

This is the pifaiciple of what is called in arithmetic the i 
Compound Rule of Three* It may be carried to any ' 
length, by further combination upon the same principles^ 
When it is earned through a 'number of proportions, to 
determine only one unknown quantity, it is called the chain 
rtde. The application of both, and their extensive utility, 
will be shown in their proper places* 

The proportion may also be multiplied into itself term 
by term ; and thereby may be obtained, from the propor<* 
tions of lineial dimensions, the proportion of the superfi* 
cial dimensions corresponding to them, or the squares. 
By the products of three such equal proportions term by 
term, vnH be obtained the proportion of the solids haWng 
the same lineal dimensions for their sides, or the cubes. 
Thus would, for instance, be obtained i 

From the simple proportion 18 : 6 = 12 : 4 

the square, 18 X 18 : 6 X 6 = 12 X 12 ; 4 X 4 

or 324 : 36 =s 144 : 16 

the cubes, 

18 X 18 X 18 : 6 X 6 X 6 = 12 X 12 X 12 : 4 X 4 X 4 

GFT 5832 : 216 » 1728 : 64 

§ 88. It may readily be conceived : that in geometrical 
proportions a continuance may take place, as well as in 
the arithmetical ; that condition may be again expressed 
by the equality of the two middle terms ; as follows : 

16 : 8 = 8 : 4 ; which gives 8 x 8 « 16 'X 4 

as the products of extremes and means* The middle 
fenn is called tfu Cteometrical mean* 
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To this every property applies that belongs to gaiieral 
proportion ; it therefore admits all the changes heretofore 
shown. The product of the two mean terms, being com- 
pounded of two equal factors, presents what is called a 
square number ; comparing it by this to the rectangular 
surface which would have all its sides equal, and showing 
by the equality of products thus obtained the reduction of 
a rectangular figure of two unequal sides into a square of 
equal extent. 

§ 89. Such a proportion loay evidentlj^be continued by 
successive addition or subtraction of antecedents or con- 
i^quents to a series of either increasing or decreasing 
numbers, as well as an arithmetical one ; producing quau'^ 
tities having a common factor between each step, which 
is called the common index or constant raiio ; and the pro* 
gression, or series of quantities resulting from it is cidled 
^geometrical progression or series. In the increasing 
progression the common index is a whole number, and in 
the decreasing one it is evidently a fraction ; it corres- 
ponds likewise, as in the ratio itself^ to the quotient aris- 
ipg from the division of two successive terms. 

The following is an example of such a progression or 
series : 
64 : 32 = 32 : 16 = 16 : 8 = 8 : 4 « 4 ! 2 «■ 2 : 1 = 

This is' is also usually written omitting the signs of equal- 
ity, and the terms are separated by the sign of addition (+) 
instead of the sigA of division (:), because this notation is 
better adapted to the use made of these series in higher 
calculations, where they are of great otiiity ; the above 
a^nes may then be written thus : 

*iS=«64 + 32 + 16 + 8 + 4 + 2 + 1 + i + J + i 

+ tV + &c* 
Every subsequent number being here the half of the pre- 
ceding one, the common index of the series is = |^ ; or 
any one of the numbers multiplied by } will produce the 
liumber immediately sujsceeding it. 

* ^, beii^coonderedfi8toi|iiatiDgtbev«laeof tbefeAes. 
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thence in ii geometrical series the third term is the 
ftdrd proportional to the first two, the fourth is a fourth 
proportional, the fifUi a fiflh proportional, and so every 
subsequent term presents that proportion to the iirst two 
terms which its number in the geometrical series indicates. 
It is proper here to drop tlus subject for the present in 
Older to take it up in a later part of the work, when we 
shall investigate its consequences and practical applica- 
tions. 



CHAPTER Vr. 

Rule of Three. 

,§ 90. In ihe preceding chapter we have found : that a 
g«ometriciil proportion is the same with th6 equality of two 
fractions, and that the praducla of its extreme and mean 
terms /are equal. We proceeded in the demonstration 
thus: the numerator and denominator of the two equal 
fractions were multiplied each hy the denominator of (he 
other ; equal denominators being obtained by ijk, the con- 
clusion was that the numerators were also equal. 

If, instead of naultiplying both factors by the denomina- 
tors mutuallv, we multiply only one in numerator and de- 
nominator, tne equaUty ivUl evidently remain, because the 
value of the fraction so multipUed does Dpt change. Thus 
we obtain from the proportion 

1^ : 3 sf 16 : 4 or, .expressed as a fraction, y » V> 

by multiplying the first fraotion in numerator and denomi^ 
mtor, by the depon^in^tor of the second, 

12X4 16 



^ by pp^ti^ equ9^1y upcm the second fiactioo, 

12 3 X 16 

3 3X4 
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la both cases the two fractions having one of the factors 
in the denominator equal, the same principle applies to this 
equal factor, as to the equal whole denominators before, 
accordmg to what is known of the principles of fractions ; 
they therefore compensate each other in this equality, and 
We obtain 

12X4 

by the first : ■ = 16 

16 X 3* 

and by the second : 12 = ■ " ' 

4 

That is : we obtain one of the terms expressed by the 
three others ; and this in such a manner, that the product 
of either extremes or means being made, ^nd this divided 
by the one mean or extreme, the result gives the other 
mean, or extreme, 

*As we have seen ; that the mutations allowed in geo- 
metrical proportion admit any one term to be made either 
extreme or either mean, under the corresponding muta- . 
tions of the other terms, we shall generally, by dividing 
any one of the products by one factor of the other, obtain 
a result equal to the other factor of that product 

Thus we would deduce from the above proportion all . 
the following results ; viz : 

12 X 4 16 X 3 12 X 4 16 X 3 

=16; =12; =^=3; = 4 

3 4 16 12 

This is the complete principle and mode of performing 
what is called the rtUe of three ; from the circumstance 
that three quantities, or numbers, are used to determine a 
fourth. 

If, therefore, any ratio between two known quantities is 
said to be the same as (or equal to) the ratio between one 
other known quantity and * an unknown one, the above 
principle gives the determination of this unknown quantity 
by the dbove. process, adapted to the given case or'ques-. 
tion ; and any of the mutations shown in the preceduog 
chapter can be applied to it, as may be required* 
12* 
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§ 91. We will now, authorised bj the foregoing proofs, 
nake the apK^cation of the principles of geomdric pro^ 
portion to the praetical optraticns of the Rule of three. 
Ab it will often be necessary to act upon the unknown 
quantity as. if we knew it, in order to make such of the 
above demonstrated mutations as maybe required, we 
shall here introduce the method so advantageously practis- 
ed in universal arithmetic, namely, to denote the' unknown 
quantity by a letter, and dioose for that, always, one of the 
last letters of th# alphabet, as x, y, &c. ; and when we 
shall have this letter alone on one side of the sign of 
equality, we have seen from what has already been said, 
that the unknown quantity is determined by the combina- 
tions or the arithmetical operations indicated of the known 
ones presented on the other side of this sign of equality ; 
Uiat is, the nuinber obtained by them will be the value of 
thigi unknown quantity/ All this is but a small extension 
of the use of signs to denote the operations of arithmetic, 
which has been introduced in the very beginning, and 
found so useful in expressing distinctly the operations of 
arithmetic. 

Though it is evidently indifferent in which of the four 
places of the proportion the unknown quantity stands, a 
habit prevails, of stating the proportion so that the un* 
known term occupies the fourth place in the proportion ; 
We shall follow it, wherever the combinations do not pre- 
sent reasons for another arrangement. 

1^ Example. To determine the unknown quantity in 
the proportion 

16 : 7 2= 19 : a: 

Th<B product of the two mean terms divided by the first 
extreme will, as proved above, give fhe value of a?, or the 
other extreme, which is the quantity sought ; thus 

7 X 19 133 13 

=a? = =.8+ — = 8,8666 + &c. 

15 15 15 

which^ placed in common examples, as has been fblly 
Bhown in multiplication and division* st^d3 thus : 
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19 

7 

product ^ 133 18 

, -.-^ ssa 8 + ~ s=5 rcfsult* 
divisor 15 15 

13 

<ir liy continuing the division into decimal fractions : 

133 • 

- — = 8, 6666 + &c. 
15 
130 
100 
100 
10 

when the division continued would evidently give a con- 
tinued sfuccesdion of the 6. 

Thus therefore, the fourth term, or x^ is determined ; 
and any other proportion^ or rule of three, the terms of 
which are ever so great or complicated, may he solved hy 
the same operations, performed upon the respective numi- 
hers. 

2nd Example. Suppose that 7' men mow 37 acres of 
meadow in a certsdn time ; how many acres will 27 men 
mow in the same time 1 

Here we have given : the ratio between the men employ- 
ed, to which, hy the nature of the suhject, the ratio be- 
tween the acres of meadow, mowed by each number of 
men respectively, must be equal ; of this only the number 
of acres mowed by the 7 men is given, and the number of 
acres that can be mowed by 27 men is the quantity sought, 
which we have agreed to designate first by a letter, as x* 

If, therefore, we make the number of men corresponds 
ing to the number of acres given, the first antecedent term 
of the geometric proportiony the second number of men 
will be the first consequent or second term of the propor- 
tion ; the antecedent of the second ratio, that is, that of 
the number of acres mowed in each case, must be the 37 
acres ; as corresponding to the work of the number oif 
men forminj?^ the antecedent in the first ratio ; the number 
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of acres corresponding to the number of men, whose work 
it is intended (o ascertain by the operation, here our x^ 
niu^ therefore be the consequent of the second ratio, or 
the fourth term of our proportion. This gives therefore 
the statement : 

Men. Men. Acrei, Acru* 
* 7 : 37 = 37 : jc 

And by the operation shown above, and deduced before, 

we obtain: 

Acres. . Aeres. 

27X37 5 

jc = = 142 4 = 142,714 &c. 

7 7 

where the decimal fractions are evidently carried far 
enough for any practical purpose in the case. 

I have been thus long and detailed in this first example 
of the application of geometric proporticm to the rule of 
three, to show the details of the reasoning which must 
guide in the statement of a practical question; that I may 
be allowed in future to suppose them known, and that! 
may have to explain pnly the peculiarities which may occur 
in other cases, in the same manner as I here suppose the 
arithme;tical operations of multiplication and division as 
sufficiently explained in the first example. 

The scholar will now observe : that in performing the 
arithmetical operations, the things or objects, which the 
numbers represent, do not enter into the consideration, 
and that the numbers alone are treated, as indicative of 
the relation of these things in regard to quantity, accord 
ing to our first definition of quantity ; for, what would a 
product of men into acres of land represent in nature? 
But the division made > again by a number representing 
men, might even be considered as compensating, in a man- 
ner sinular to that of the equal factors in the numerator 
and denominator of a fraction, which compensate each 
other ; and there then remains, we might say, the deno- 
mination of acres in the numerator, to give the denomi- 
nation to the result. 

This is exactly analogous to what has been said at the 
begiiming of this part of arithmetic ; that the ratio only 
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<vr the two things of the same kind is taken, as the prhi<- 
cjple that determines the ratio of two other things, whidi 
way be of a nature completely different from the first tWo. 
We shall in general find, in all results of calculatioiis re- 
lating to objects of different kinds : that the denomination 
of the result is th Jit of the kind of quantity, or thingi^ 
ivhich appe^ in it in an odd number of terms, and that 
those which appear in an even number of terms act as 
mere numbers, givinj^ no denomination to the quantity of 
the result. This reiimrk, which is tiere very simple, be- 
comes of great impcnrtance in higher calculations, and is 
in all cases an in(]^spensable property ^ an accurate re* 
suit. • 

Sd Example. My neighbour ?>olight 372,45 acres of 
land for $720,5, butj pan dispose df onfy $215,5 for thaC 
purpose ; how nuich land can I purchase at the same rate ? 

The ratio of the money is here given, and the ratio of 
the land purchased )>y it must of course be the same ; we 
have therefrom the statement : 

$720,5 : 9215^5 i=: 372,45 aeres : x acres. 

. TtdB proporticHi can be reduced to sijoo^ler numbers^ l)jr 
dividing corresponding terms by 5, which is a coinmoi^ 
factor ; it is therefore proper to do it ;• thus it becomes :^ 

144,1 : 43,1 « 372,45 :x 

*43,1 X a72,45 

which gives a? == ' ' ' ._» ■' .. = 1 1 1,399 aercaiw 

144,1 

Hereit was eyidei^ most proper to proceed altp^ether 
by decimal fractions, in which dao the answer fi^s best. 

itk Example. If 57 lb. 7 oz* of eipi^es be bought for 
$J7,p§, what must I|«y for 87 lb» 10 oz. 7 dwt.' r * 

Here the ratio of the spices is given, and the quantities 
eontain denominate fractic^s ; we would have to divide 
tbe sec<^nd by the, ^^, which is, as shown above; a ybty 
incoiiy^nieoi; Cj^eraHoi^ ; we may therefc^ce ei&er r^Uoe 
the weights to the IpiWeg^ dbsnominationof the ^ehdbinata 
fractions, which ^s iJ^e peii^j^e^^ aij^d then prpteted sb 
in whole numbers, or reduce these denoniihate inactions 
to decimal fractions 'of t^e pounds. W^ have ^e^ above 



142 '* liULB OF THREE. 

tbat the tot is the most convenient, when we do not fore- 
see that the denominate fractions will give short and de- 
terminate decimals ; we sh^ll therefore proceed hy this 
iGpduction ; thus we ohtain for the two first numbers, 

57 and 87 
12 12 

114 174 

671^ 37 



991 07- 



10 



1' I 



20 1054 09, 

— 20 



l?IS20 4wt, 



9108Q 
7 



21087 dwt. 

by multiplying first the pounds by 12, to reduce them to 
ounces, and adding the ounces given, then multiplying by 
20 toreduce to pennyweights, ^d adding the pennyweights 
given ; thus we obtain the statement : 

13820 : 21087 == 17,25 : or 

Dividing the smtecedents by 5, to reduce : 

2764 : 21087 = 3,45 : x 

3,45 X 21087 

which gives : x » . » ss $26,82 

2764 

• In the decimal fractions resulting we stop at the 32 
cents, no mills coming* after ; further accuracy would b^ 
useless. 

Mh Ea^mipU^ A sum of money being shared between 
John and James in the proportion of 9 to 4, it results that 
John has $15 more than James ; what were the shares of 
each ? and what was the whole sum shared ? 

The proportion stated trom the above data stands thus ; 

JohnU. Jtanes's, 
t 9 : 4 = a? +15 ; x 
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Sttbtractiiig the consequents from the antecedenti^ and 
tomparing with the consequents we obtain : 

9 ~ 4 : 4 3s a? + 15 -*-. « • ^ 
or 5 : 4 s&s 15 : a; 

Dividing by €1, 1 : 4 = 3 : or 

which gives ar =» 3 X 4 =^ 12 =s James's 8hnr6 

and a; + 15 :^ 27 G John's shitfe 

and the whole sum = 39 lias been ^ared. 

6th Example. Two merchants make a joint slock; 
they contribute in the proportion of 14 to 5 ; the difference 
between the full shares is $504 ; what was each indivi- 
dual's share and the whole stock ? 

dns. { ^'^^'^ \ 784 
( Stock 1064 

which is obtained by exactly the same process as above. 

7^^ Example. Three merchants make a jomt stock ; 
the first puts in a certain unknown part of the capital, tha 
second 2000 dollars hiore, and ^e third 3000 dollars less, 
than the first ; the ratio of the shares of the second and 
third is as 9 to 5 ; what are all the individual shares, and 
the stock itself? 

If we call the share of the first, which regulates the 
whole question, or, we shall have the statement thus : 

9 : 5 = a? + 2000 : x — 3000 

Comparing the difference between the antecedents and. 
consequents with the consequents, we obtain : 

9 — 5 : 5 « a; + 2000 — x+ 3000 : a? — 3000 

or 4:6 = 5000 : x — 3000 

Dividing the antecedents by 4 ; 1:5 = 1250 : x — 3000 

M*ence 6 X 1250 = a? — 3000 

6250 :^x — 3000 

Tha^t is, the share of the third is =r $6250 

The share of the first is therefore = 9250 

» " second '* = 11250 

And the whole stock = 26750 
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fKk &taimpk» A haifcupt leaves clesi nroperty 
$B44tl^26 1 bis eredtonr are as follows ; viz : 

JoBesibr . $ 5629 

Williams 14207 

Rufus 592 

ITiM 29768 

Eldrtdge 120352 

What dividend in the hmidred» or proportional part, can 
be paid, (under the supposition of equal concourse,) and 
what will each creditor get for his share t 

H «jre the ratio of the sum of the debts to the clear prp- 
perty will be the constant ratio, which will give the rule 
for die ^vision ; each claim forms the second antecedent, 
or what is the same thing, the first term of the second ra- 
tio. Or^ the fraction arising from the division of the pro- 
piMy by the sura of the debts, which may be most easily 
expressed in decimals, will be a constant multiplier for each 
of the individiud debts %nd the shares will be the prodM<*f 
of this fraction by the amount of the claim. Thus 

84421,26 42210,63 

= = 0,495 

17064S 85274 

will be a constant multiplier for each of the claims, which * 

^vUl §ive the shares as folio vs : 

Of Jones, #2786,355 

Williams, 7032,465 

Rufus, 293,04 

King, 14735,16 

Eldridge, 59574,24 

E2CAMPI.ES FOR PRACTICE. 

1. If 58J gallons of wine cost $28,50, what wiB 6^ 
gallqnscometo? ^dC*> cT 

2. If 562 ydrds of linen cost $495, how many yards 
can be bought &rf 1051? 7'; Jlf 2/'lS "^ 

3. If upon 52 acres of land 962 bushels of wheat have 
been harvested, how many bushels would 225 acres yield 
4t the- same rate t ^V , . J ^ ./ c, ^^^ _ yj _ 

j. Wliat will be the amount to pay for 652 lb. 6 oz. of 
C0Sj^f if fcr every 57 lb. 6 02. 1 must pay $15,15. 

• • / 



'i 



J 



! \^ 



RULE OV TB&SS. 145 

5« A inan.haying bought 359 ^ards of cloth for $621) 
Mrhat must he sell Uiem at to make 15 per cent./ upon the 
9ale? /t'J I lir— b^\ \ -d. —■ ^ V^h J f 

6. A merchant bought 795 yards of cloth for 9107)50, 
he has still (427,50 which he wishes to lay out in ^o 

same doth, at the fonner priee ; how many j^rds may he ^^ 

yet purchase ? ^^^j 3/ i). 5 J -^ 

7. If the matting for the floor of a room 2'4 feet by 18 
cost $95,60 what will the same matting come to for % room 

22 feet i^ length by 38 in breadth? / f < J .. ^.^ , // 

8. The forage required by a body of cavalry, for a 

month of 31 days, is 2821 cwt. of hay, how mu^h will be. / 

needed for the same body for 87 days t i/ / f / '/^ * - 

9. How many pounds of tea can a man buy for $672, 
if he buy 761 lbs. for $327,50 % ^;ft / a - '. 

10. If 21 men could perform a work in 17 days, and 
16 men be added to them after the second day, how much 

time will be saved by it ? . y'. ^^ f ^-w •■-/ Y * 

" IK The annual wages of a man being $100, to be paid 

\ in land at $6 per acre, bbw many acres will he receive af^ 

ter 3 years and 7 months ? ^ ; i u J S /^ 

12. Two men, A and B bought together 200 acres of 
land, each paying $200 ; they divide, and A making choice 
of the better land, they agree to value his land at. $2,25 
the acre, and that of B at $1,75 ; how many acres will 
each of them get? 

13. If tiie interest of money is 7 per cent what will 
be the discount? 

. 14. How much must a man pay down to receive in 6j^ 
years $658, the interest being 7 per cent calculating upon 
simple interest? 

15. On the importation of certain goods, a merchant 
gains 20 per cent when the duty is 16^ per cent ; whal 
per cent, will he gain upon the. same, ^en the duty is 
raised to 18 per cent ? 

16. A man had rented a farm of 150 acres for $235 ; 
now he is offered another of 225 acres for $380 ; how 
much would he gain or lo^e by accepting the ofifer, all 
other circumstances considered equal ? 

17. If a man has ofiered to him 135 yards of iinen for 
$115, and another oflers him 212 vards of the same qual* 

.1^ 
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i^ for 9200, how much is the one offer more advantageous 
than the other, and which is the more adTantagpous t 

18. If a man travels 19 miles in 6 hours ana 5 minuteisr, 
how far will he walk between sun-rise and sun-set, when 
Ike sun rises at 5o'clock 25 minutes, and sets at 6 o'clock 
35 minutes in the evening, stoppages being incldded in 
both cases ? . 

19. The freight of 13 tons of goods to a certain place 
cost $29 j-, what freight will have to be paid at the same 
rate for 59^ tons 1 

20. A man obliged to live on his income of $3750 a 
year was under a rent of $325 a year. By the depreciation 
of the funds, his income is reduced to $2960, and he is 
now asked for the same house the rent of $255 ; can he 
afford to pay it, if he will put only the same proportion 
upon his rent as before ? 

21. A merchant gaining $7500 in 6 years with a capi- 
tal of $18000, what would he gain at the same rate in 14 
years ? 

§ 92. In many cases in nature, and the common inter- 
course of Ufe, the things whose ratio is compared, aug- 
ment, the one in. the same ratio as the other diminishes, 
and inversely; as for instance, the more men are about a 
work, the less time it will require to do it ; the quicker a 
man walks, in proportion to another man, the less time he 
will require to go through a pertain space ; and so in many 
other cases in nature. That is to say : the ratios (of 
these things) and that of the results are inverted. in rela- * 
tion to each other. Therefore, in all such cases, the 
ratio of the two given terms of the same kind is also to 
be inverted in the statement of the proportion, and then 
the operation of the rule of three is to be executed with 
this inverted ratio, in the same manner as above with the 
direct one ; this operation is evidently grounded on the 
nature of the things, or the question ; as in the following 
examples. 

Ist Example* I have a itieadow, which 6 men usually 
mowed in 17 days ; but, the season being precarious, I 
wish to have it mowed in 3 days ; how many men must I 
employ ? * 
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Evidently the shorter the time, the more men I must 
employ, so the ratio of the men is the inverse of that o£ 
the time r and as this latter ratio is given, I must mite it 
inversely ; thus the statement becomes : 

JDayj. » Men* 
3 : 17 = e : m 

or 1 : 17 = 2 : ar ^ 

giving ar = 2 X 17 = 34 men ; 

and so many men must be employed to do in 3 days the 
work of 6 men in 17 days. 

2d Example. Two men, starting at the same time, ride 
a certain distance ; John traveb at the rate of 6^ miles aa 
hour, and Peter 7f an hour ; Peter arrives after 20 hours 
20 minutes ; when will John airive ? 

The ratio of the time of arrival is evidently the inverse 
of that of the speed, or number of miles made per hour ; 
therefore the statement must also be inverted ; dius : 

Jlfi/04. H. Min, 

6i : 7f = 20, 20 : a? 

Fracitions occurring here, they must be reduced ; but 20 
minutes being a third of an hour, and the fraction -^ oc- 
curring in the fh'st term, we may take advantage of it to 
shorten this operation thus : reducing the whole numbers 
to fractions upon this consideration, we obtain : 

V • V = V • « 
Multiplying by 3 19 : V - 61 : x 

The fraction of the second term may be left unreduced, 
and the result written thus : 

31 X 61 * 1891 

X = = = 24,88157 hours. 

4 X 19 76 . 

As«60 mmutes make one hour, every tenth of an hour is 
6 minutes ; the decimals of hours are therefore reduced 
to minutes by multiplying by 6, and remarking that the 
result of the tenths gives the units of the minutes, or the 
denominate fraction of 60 parts, or ^, the above becomes 
thereby 24 h. 52,8942 m. The same subdivision is con* 
tinued to the seconds, the.same reduction vrill reduce the 
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decimals of minutes into seconds and decimals of se- 
conds ; thus : 24 h. 52 m. 53,652 s. = time oL arrival of 
John. • ^ 

3d Example. In a besieged place the garrmon consists 
of 2000 men ; in a retreat,.600 throw themselves into it» 
to escape the enemy ; the provisions of the place were 
sufficient for the former garrison for 250 days ; how long 
will they last the increased number of men, at the same 
rate of daily allowance 1 

Of course the greater the number of men, the less 
time the provisions will last, and that in the inverse ratio 
of the original to the augmented garrison ; thus we have 
the statement : 

Men. Men. Days, 

2000 + 600 : 2000 == 250 : a? 

or 2600 : 2000 = 250 : x 

Dividing die first ratio by 2000 ; 1,3 : 1 = 250 : x 

250 
This gives «:=—•=: 192,3 days, 

1,3 
that is ; the provisions will leave a small remainder afier 
192 days, as we obtain only three tenths of a day over. 

Ath Example. A father, leavmg a property of $76743, 
makes the regulation m his will : that it shall be divided 
between his two sons in the inverse ratio of their ages ; 
the one is 12^ years old, the othe>'16 smd 4 months ; what 
will be the share of each ? 

In this question the inversion consists only in the con- 
dition of the disposition itself, namq^y : that the age of 
the one shall determine the share of the other mutually ; 
and the sum of the ages forms the antecedent term of tiie 
(comparison or) ratio, given for the proportional share of 
each in the whole amount ; we have therefore, expressing 
the months as twelfth parts of the year, the following 
^atement: 

I2+A+I6+1V : 12+A = •'^6743 : sh. of llie older; 
12+ A+16+i»5^ : 16+A = #76743 : »^ younger; 
or, by successive reductions of each, which will be easily 
followed : 
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12 4- 1 + 16 + I : 12 + I = »76748 : x 

and 12 *H + 16 + i : 16 + I = 76743 : y 
or 28 + f : 12 + I = " " 

and 28 + 1 : 16 + f = '' " 

or '|3 : V^ = .» • " 

and 'jf9 : y = " " 

lastly 173:75= ^' " 

and . 173:98= " »' 

., u 1 'J'S X 76743 

98 X 76743 

" younger = = $43472,9133 

173 

which produce again the full property. 

EXAMPLES FOR PRACTICE. 

1. If 23 heads of cattle can^ pasture in a field for 57 

days, how long can 17 heads of cattle pasture in it? / X / ^ 

2. If a canal could be finished by 350 men in 321 days 
how* many days will it take if only 298 canibe got to do , 
the work? , c / 

3. How many days longer will 58 gallons of beer last 
a family that usually consumes 3 quarts a day, if they re- 
duce their allowance to 5 quarts/or two days ? 

4. It takes, to clothe a regiment of 750 men, 5920 
yards of yard wide cloth, how many yards of cloth of If 
yards wide, will it require to clothe the same ? 



CHAPTER V 

Compound Rule of Three, 

§ 93. From the principle explained in section 87, we 
derive, as is there stated, the Compouj^ Ride of Three ; 
where several proportions being given, which all concur 
13* 
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in the determination of an unknown quantity, the product 
of the different proportions term for term being/nade, the 
same principle, of the equality of the products of the ex- 
treme and mean terms, takes place, as in simple propor- 
tion, and the same arithmetical process gives the means of 
determining the unknown quantity. It is necessary, of 
course, to pay proper attention to the nature of the ratios 
given, in respect to whether they are direct or inverse, 
and to make the statement of each accordingly. 

As the operation in itself has already been explained in 
section 87, and as we shall immediately ejiplain a simple 
and general principle, by which all such compound in- 
fluences and effects as produce a compound proportion, 
or, what is called the compound loile of three, can be cal- 
culated with the greatest ease, whatever may be their com- 
plication ; we will here only apply it to such examples as 
have for their first ratio units of different denominations, 
and form thereby what in mercantile calculations is called 
the Chain Ride, This comprehends the finding of the 
equivalent of exchange, weighf, or measure, of two places, 
by means of the given ratios of intermediate places, when 
the direct ratio is not known. This operation will exem- 
plify still more strikingly the remark made above, in rela- 
tion to the ciHnpensations of the denominations in-the mul* 
tiphcations andif divisions, resulting from the operations* of 
the rule of three. 

Ut Example. If 60 lbs. weight at Paris, make 50 lbs. at 
Amsterdam, and 45 lbs. at Amsterdam, 50 lbs. in New- York; 
how many pounds of New- York make 720 lbs. of Paris ? 

Multipljdng these proportions, term for term, we obtain 
thb compound proportion by the products, as t>eiow : 

P. A, 

1 : 1 = 60 : 60 



A. 


jv.r. 






1 : 


1 = 


46: 


60 


JV.F. 


p. 






1 


: 1 


= X 


: 720 



P. A, .V.F. A. X.Y^ P. 

IX 1 XI :1 XI X 1=60X46 X iP:50 X60X720 
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60 X 50 X 720 



1:1=0?: 



60 X 45 

2000 
1:1=0;: — — 
3 

or a: = 666,666 • 

by equality of products of extremes and means* 

The products of the unities of the first ratios, give' the 
ratio of unity to the product of the second ratios ; the de- 
nominations in the first ratios are all compensated, as ob- 
served before, and we obtain, by dividing in the second 
compound ratio by the numbers multiplying the J7, the re- 
sult of this equality, which is then only reduced as a fi*ac- 
tion. 

2nd Example, A merchant of Petersburg has to pay in 
Berlin 1000 ducats, which he wishes to pay in rubles by 
the way of Holland ; tuid he has for the data of his ope- 
ration, the following proportional values of moneys, viz: 
fixai 1 ruble gives 47,5 stivers ; 20 stivers make I florin ; 
2,5 florins make 1 rix dollar Hollandish ; 100 rix dollars, 
HcUandish fetch 142 rix dollars Prussian ; and finally, 1 
ducat in Berlin is 3 rix dollars Prussian ; how many rubles 
must he pay 1 This gives the following statement : 

1 ruble : I 8t, = 47,5 : 1 

Ist I Ifl. =1 : 20 

\fi. : \r.d.H. = 1 : 2,5 

1 r.d. H. : 1 r,d. Pr. = 142 : 100 

1 r.d. Pr. : 1 doc. =1 : 3 

1 dm. : 1 nihle = x : 1000 

By the same process as in the former example, is ob- 
tained: 

1000 X 3 X 100 X 2,5 X 20 

X = = 2223,87 ruhUs. 

47,5 X 142 

§ 94. In the activity which nature presents to us, as well 
as in all our actions, we observe this principle : that the pro-' 
duct of any cailse into the tin%e of its action is equal to the 
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efftet of iU Or, the product of any means whatsoever, 
into the time of their action, or the power which acts upon 
them, or the conventional law of their action, produces a 
determined effect ; that is, it is equal to it. Thus we 
-have seen, that a capital loaned on interest, renders as the 
product of the rate of interest into the time ; that a man's 
labour, i% the result of the product of his strength (or 
power) into the time h^ exercises this strength (or power.) 
In all this therefore, we see nothing but the simple multi- 
plication of certain factors, and their product ; as has been 
quoted in the remarks to section 73. In the same manner 
as products in arithmetic may be the result of a continued 
midtiplication, so may an effect in nature be the combined 
product of a number of causes, means, powers, or times ; 
and the effect itself may be represented by a combined 
product ; as occurs, for instance, in higher mechanics, 
where these quantities oflten appear as multiplied by them- 
selves, or in the square, cube, &c. 

§ 96, If we now consider the relation of two such 
effects ; that is to say^ their ratio to each other, we find, 
as we have done in simple numbers, that : the same ratio * 
must take place between the Products of cause into timcj 
(as it will be simplest to call that by a general name,) (xs 
that existing bettoeen the effects. 

We have now for some time, made use of letters to de- 
note quantities, before we knew the numbers which would 
correspond to them ; we shall here extend the advantage 
derived from it, in order to present this idea at one glance 
in its full connexions, and with the arithmetical operations 
connected with it. For that purpose we shall designate 
the objects of calculation, or the quantities of them, by 
their initial letters, and call 

the cause == C\ 

the time = T > for one of the objects ; 

the effect =jEJ 

and for the other, which is compared to it in the compound 
proportion, we shall call the same objects by the corres- 
ponding small letters, as : 

the cause = c ^ - 

the time = t 

the e&ct s= e 
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We then obtain-, by the principles stated already in the 
remark to section 73 : 

C X r = JS; and cX < = c 
and for the proportion arising from this, in a manner ex- 
actly similar to what has been done in common numbers^ 
we obtain the statement : 

CX T:c X t = E:e 

which corresponds, as simple products expressed by their 
factors, and their results, to a statement similar to 

3 X 4 : 7 X 9 = 12 : 63 

It evidently follows from this, by the division of the 
corresponding terms of the proportion, that we have also : 

E e E e 

Cic^ — i-^ and r:e = — :- 
T t C c 

This says in word^ : the Ratio of £be Causes is the same 
as thai of the Effects divided by the Times ; - and : the Bo' 
Uo of the Times is the same as that of the Effects divided 
by the Causes. 
The numbers of the example will thence give . 

12 63 12 63 

3:7 = — ■: — and 4 : 9 = •—:•— * 
4 9 3 7 

§ 96. As we have seen in the precedmg application of 
geometric proportion to the rule of three, that whatever 
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* The teacher who will take the trouble to speak with hia scho« 
lar upon this principle, or the attentive reader, who will compare 
it with the circumstances that surround him, will have no difficulty 
in explaining^ this idea; its correctness and g^enerality will prove 
a great facility to the mtelligent arithmetician. My own expe- 
rience has proved to me that it meets no difficulty with boys of 
about 12 or 14 years, aji scholars usually arc, when in common 
schools they are thus far advanced in arithmetic, and that they 
made the statements appropriated to it very readily, and with pe- 
culiar satisfaction. It furnishes the best exercise of the mind for 
the appropriate application of common arithmetic. The exam- 
ples whidi follow are worked out, and wiU, I hope, lead the way 
to its pr6per aa4 etusy supplication* 
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term of the prc^iQrtioii be unknown, if the Aree others 
are given, this fourth is determined by the principles of the 
proportion ; so in the present case, whatever may be the 
quantity unknown in such a compound rule of three, 
whether a cause, a time, or an efiect, or a part of the one 
or the other of them, this quantity will be determined by 
the others, and obtained by the appropriate mutations of 
the proportion, or the operations of arithmetic resulting 
from it. 

By {his consideration and process all the comphcation, 
oflen resulting from combinations of direct and inverse 
proportions, in a compound rule of three, which are apt to 
lead young calculators into mistakes, are avoided, because 
every quantity, in any way concerned, is by its nature 
placed as factor in its proper place, by the simple reflec- 
tion of its acting as either cause, time, or effect. 

It may be easily seen that it will solve with ease ques- 
tions upon combined actions of capitals during different 
times, as well in interest, as in shares of profit or loss, 
tiiat is, in partnership, in complicated questions upon com- 
bined works, and all similar cases, as the following ex- 
amples will show. 

1st Example. A capital of $6200 produces ii^ 5 years, 
at 7 per cent. $2170, amount of interest ; what will a 
capital of $9300, at 4 per cent produce in 9 years ? 

Here the statement is extremely sim{:de, thus : 

C XT c Xt =^ E : e 

6200 X 0,07 X 5 : 9300 X 0,04 X 9 « 2170 : x 

This proportion may evidently be much reduced ; first, 
by dividing by 100, it becomes, 

62 X 0,07 X 5 : 93 X 0,04 X 9 = 2170 : x 
Dividing the first ratio by 2, 

31 X 0,07 X 5 : 93 X0,02 X 9 =? 2170 : x 
Dividing the antecedents by 70, 

31 X 0,001 X 6 : 93 X 0,02 X 9 == 31 : a? 
Dividing the antecedents by 31, 

0,001 X 5 : 93 X 0,02 X 9 = 1 : a? 
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The second antecedent being reduced to unity, (his gives 

93X0,02X9 16,74 

X = ■ ■■ ■ ' = ■ ■ = ^3348 

6 X OjbOl 0,005 

That isj the capital of $9300, at 4 per cent produces, in 
9 years, $3348 interest 1 

2nd Example, A capital of $9500, at 6 per cent, in* 
terest, annually, produced $4560 in 8 years, at what rate 
of interest must a capital of $12000 be lent out, which 
shall render $4800 in 5 years ? 

C c 
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C F r : c t t=^ E : e 

9500 X 0,06 X 8 : 12000 X a? X 6 = 4560 : 4800' 

Reducing as above, by dividing the first ratio by 500, and 
the second by 40, 

19 X 0,06 X 8 : 24 X 5 X a? = 114; 120 

Dividing the two antecedents by 6, 

19 X 0,01 X 8 : 24 X 5 X ar = 19 : 120 

Dividing the two antecedents by 19, and the consequents 
by 24, 

0,01 X8:arX6aal:6 

Dividing the two consequents by 5, and executing the 
multiplication indicated in the first term, we obtain : 

0,08: a? = 1:1 

Or, the rate per cent. = a? = 0,08 or 8 per cent. 

Thus the simpfle reductions of the proportion given, has 
furnished the result. It is evident that if we had at the 
first outset of this and the preceding example, expressed' 
the term in which x is,>by the other three, we would have 
reached the same results by the compensations in the nu< 
merator and denominator, and the factors of x with the 
opposite numerator, but the principles appear clearer under 
the form used, 

. 3(2 Example, Two men in partnership, contribute as 
follows : A puts in $7521 which he withdraws after five 
years and a half. B puts in $9772, which act in the com- 
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pany during 6 jrears, before which time the accounts can- 
not be settled. It is required to determine the share of 
each in the general result of all the operations, (which are 
taken together,) amounting to a net4>rofit of $15472 ? 

The sum of. the products of the stocks into the times 
of their acting, are here to be compared to each single 
product of stock into the time of its acting, as cause and 
time ; the whole benefit evidently represents the efiect, 
corresponding to the whole stock, and its time of action. 

Thus we obtain the two following statements : 

7621X5,5+9772X6 : 7521x5,5 = 15472 : share of A 

7521X5,5+9772X6 : 9772x6 = 15472 : share of B 

Or 99997,5 : 41365,5 = 15472 : share of A 

And 99997,5 : 58632,0 = 15472 : share of B 

Here we evidently obtain, as in the case of a bankrupt, 
treated in a former example, a constant fraction from itih 
third term divided by the 'first, with which the second, or 
the product of the stock into the time of each partner is 
to be multiphed, to obtain his share in the profit ; or we 
have : 

15472 

. The share, of A = X 41365,5 = 6400,2 

99997,5 

15472 

The share of B = X 58632 = 9071,8 

99997,5 

The fractional part being reduced to decimals gives 
0,1547238, which being multiphed into the whole number, 
58632, gives the result indicated.,; , < 

4th Kxawple. If 180 men, working 6 days, each day 
10 hours, can dig a trench of 200 yards long, by 3 yards 
wide* and 2 yards deep, how many days will 100 men 
take to dig a trench of 360 yards long, 4 wide, and 3 
deep, by working 8 hours in a day ? 

This gives the following statement, in which the effect 
is a compound product, l^cause the trench has the three 
dimensions of length, breadth^ and depth. The reduc- 
tions which it admits, will here be mtide without mention- 
ing them^ under the supposition that the preceding examples 
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bave shown tlie principle of them ; y heing taken for the 
linknown days. 

180x 10X6 : 100X8XJ = 200}<3X2 : 360X4X3 

1^ X 6 : 8 X y =* >0 : 36 

9 X 3 : 2 X y = 1 : 3,6 

27 ; y =1 : Ifi 

1/ = 27 X 1,8 « 48,6 days. 

SUi Example. A hare is 50 leaps before a greyhound, 
and^ ti&es 4 leaps while the greyhound takes 3 ; but 2 
greyhound's leaps are equal to 3 here's leaps ; how many 
le^ must the greyhound make to overtake Ae hare ? 

This, as it appears a sjanding question in all4)ooks on 
arithmetie, is well adapted for an example in this case 

The proportion of ^e leaps as given, ^are : 

In time ; hare's leap : hound's leap -= 4 ; 3 - 
In length ; " : " =2:3 

The compound ratio of them, oi; the product of cause into 
time, which determines the effect, is therefore : 

hare : hound = 8:9 

• 

If we call the distance the hound has to run = or, in 
hare's leapsi, (as the determined distance is given in this 
kind of quantity,) the hare's run will be ar — 50 in the time 
they both run; these two circumstances of the data give the , 
following statement : 

x: a?— 50 ■n9 : 8 

By comparing the antecedent with the difference between 
antecedent and consequent, w^ obtain : 

' 2r : 50 a 9 : 1 

ar = 9 X 50 == 450 hare's leaps 

As the hare's leaps are | of the hound's diis distance will 
requite ^00 hoimd's 4eaps ; so many therefore, he wfll 
have to make to overtake the hare. 

6th Excmple, If 9 meU} working 6 days, at the rate of 6 
hours per iday, can build hMM of 152 feet long, and 9,5 
feet high, how many ifoys must 16 men werk, at tfie rate 
of 10 hours each day to build a wall 295 feet 1(Hig,and 
17,5 feet high ? 

14 ■ , .. ^ 



1 

i 



J 



158 * COMPOUND RULE or T&fi££. 

EXAMPLES FOR PRACTICE.' 

1. If 852 men, having worked 8 hours every^day, have 
made a certain length of canal in 87 working days, and 
there remains now ^ t)f tKe same length to be done to com- 
plete the work, which it is intended they should do in 8 
working days; how many hours more per day must they 
work to conqplete the task at the same rate of working 1 i 

2. If 6 men pave 55 yards of a street in 5 days, hotr 
many men will it take to pave 212 yards in 12 days t 

3. A man performing a journey in 21 days by walking 
7 hours at the mte of 5 miles an hour, how many days 
will it take him to perform the s&Qiie journey by nt^Uking 
20 hours at the rate of 3j miles an hour ? 

4. Of ^randy sold at $1,25 per gallon, there is bought 
for the amount jDf $87, and of brandy worth $1,35, for 

ti^ amount of $96; a mixture of one third of the first i 

quantity and twd'thirds of the second quantity being made, 
what will be the proportional price of it if it is requured 
to clear 10 per cent, upon the sale ? 

5. If 248 men, in 5 dftys, working 1 1 hours a day, dig a 
trench 280 yards long, 3 Mride and 2 deep ; in how many 
days of 9 hours each, will 32 men dig a trench 430 yards 
Ibhg, 6 wide, and 3 deep. 

6. If*5 men, in 10 days, mow 42 acres of meadow^ 
how much will 13. men mow in 18 days? 

7. If 28 boards, of 12^ feet long and 14 inches broad, 
make a certain flooring, how many boards will it take of 
15 feet long and 10 inches broad 1 ^ 

8. A merchant gaining $6750 in 4 years, with a capital i 
of $15000, what would he gain at t^e same rate in 7 years ' 
wi&i a capital of $32000? • 

9. If 172 boards, 17 feet 6 inches long and 14 inchea 
broad, are needed to floor a place, how many would it take 
12 feet 6 inches long and 10 inches broad ? 

10. If 2100 bushels of oats feed 200 horses during 21 ' 
* days, at ^ a bushel per day, how long will 3700 bushels 

last 760 horses, at | of a bushel per day ? 

11. How many yards of paper, 22 inches broad, will 
cover a wall of 26 yards circuit and 9 feet high, if 20 l 
yards circuit of the same height can be covered by 72 

^ards of 30 inch wide paper ? 
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12. What provision mnst be made for an army of 9660 
men, in bread, if they shall receive 2 lbs. per day for 70 
days ; if found by experience that 5000 men will need in 
26 days, 312500 lbs. at the rations of 2^^ lbs. per day? 

13. The common step of a horse being about 4 feei, 
and that of a man 2| feet, the man making 8 steps to the 
horse's 5, how much space will the man gain over' the 
horse, in walking a distance of IS miles? 



CHAPTER IT. 

/' , CTeneral Application of Geometric Proportion. 

§ 97. When two proportions' are given, two unknown 
quantities may be determined by means of the mufationa 
of these proportions, and the determination of the one by 
the three others ; appropriating the choice of the opera- 
tions to the given case, in such a manner that, by whatever 
operation the quantity sought is involved with other given 
quantities, these become disengaged by performing the 
contrary operation ; this is grounded upon the principle of 
arithmetic stated in the be^nning, that each operation (or 
rule of arithmetic) has its opposite operation ; and this is 
the principle used in all the reductions that have been 
made in the proportions in the preceding sections, to ob- 
tain, or render easy the obtaining of, the results, as it is 
also that used in all higher calculations, in algebra, &c. 

let Example. Two numbers are in the ratio of 2 : 3 ; 
when each is augmented by 4, they are in the ratio of 5 : 7 ; 
what are these numbers ? * - 

Denoting the one by Xy the other by jf , we have the first 
statemefnt: 

2:3 = 0;:^ 

And as the fourth term is equal to the product of the two 
mean terms divided by the ftrst, we have also : 

3 Xa? 
2 : 3 = X : —— 
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Tiye SMofkd pfoportkm, bgr n^fig thur result^ will be 
iMed 4mb : 

» X ar 

5 : 7 >» XT 4* 4 : ■ ' ' ■■ + 4 

i 

Mukipl^ng the second ratio by 2 ; 

6:7 = 2ap + 8:3xa? + 8 

By subtracting antecedents from ocmsequents : 

6: 2 = 2ar + 8:a? 
'Subtracting hiHis^ 4be coiose^uents fitom itotecedents ; i 

whereby a?2±2x8«l« 

And j^ by the first proportion, placing the value of ar, 
just found, in its place : 

2:8ael^:y 

or 1:3= 8:y 

whence f ** a' X 8 as 24 

2nct Exaihpte. A father being asked how many sons 
and daughters lie had, answered, ^' tf t had two more of 
^ach, I shoidd have three sons to iwo daughters, and if I 
had two less of each, I should have two sons to one 
daughter;" how many sons and how many daughters 
had he ? , 

This evidently furnishes two proportions, one stated by 
the sums of the numbers sought and 2 ; and the pdier hy 
the difference between Ihe numbers sought and 2 in the 
other, as follows : 

Calling the number of the sens === x; 

That of <he daughters s=y; 

^ + *-y + 2='3:2 

V a?~25y — 2=a!2: 1 
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From these proportions are obtained, by steps groimd- 
ed upon the principles of proportion, demonstrated in sec-i 
tion 86, the following successive results : 

From a? + 2:y + 2 = 3:2 

a? + 2:a: + 2 — y — 2 = 3:1 

a? 4- 2 : X — y = 3:1 
In like manner, from 

0? — 2 : y — 2 = 2 : 1 

a? — 2 :£ — 2^—2/ + 2 = 2:1 

X — 2:x — 2^ = 2:1 

Dividing these two results term by term, as by sec- 
tion 86: 

x + 2 * 3 

X — 2 2 

or x + 2:x — 2 = 3:2 

From this x+2 + x — 2:x + 2 — a? + 2 = 6 : 1 
or 2 a? : 4 = 5 : 1 

and X : 2 =s 5 ': 1 

X 9Bt2 X 5.= 10 the number of sons. 

Though this determines the number of dau^ters, if we 
place this value in either one of the first proportions, and 
then determine the y, as in the foregoing example ; still it 
is evident that both x^ and y^ are dependent upon the data 
in exactly the same manner ; I will therefore also deter- 
mine ^ by a similar appropriate process, as it will be a 
good example to show the principles of this use of pro- 
portions in determining quantities in general. 

We made the first term, containing Xy our standing tenh ; 
we shall have now to make the second term, containing y^ 
the standing term of the operation. Thus we have from 
the first proportion :- 

a?4.2 — j^ — 2:y + 2 = l:2 

or X — y:y + 2 = l:2 

14* 
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And from the second propoftion ; 

X — 2— 2^ + 2: 5 — 2 = 1:1 

X — y:«^-^2=l:l 

Dividing these two proportions term hy term, as before, 
we obtain : 

y+2 2 

1 : = 1 : — 

t/T-2 1 

or y — 2:i/4-2 = l;2 

By sum and difference : r ' 

y + 2+2f—2:t/ + 2 — 2^ + 2 = 3: 1 
or 2^^:4 = 3:1 . ^ 

2( ; 2 = 3..^ 1 
^ving 2f = 2 X 3 = 6 for the number of daughters. 

3(2 Example. I asked my two neighbours, John and 
Peter, how many heads of cattle each had ; Peter, think- 
ing to puzzle me, says, " Our cattle, taken together, ^re 
to what John has more than I, in the ratio of 3 to 2 ; and 
if we multiply the two numbers of our cattle together, 
that product will be to all our cattle iii the ratio of 6 to 
3." I find how many each of them has in the following 
way : 

Gallmg John's cattle « a? 
and Peter^a cattle « t/ 
the first proportion given furnisher me the statement, 

x + yix — ^2=3:2 
and the secondi ' 

« + y:a?,y=:3:6 

By addition and subtraction of the first proportinn i« 
obtmned : 

a? + jf+a? — 2^:07 + ^— a?+y«5:l 
or %sr-. s 2^ =s 5 : 1 
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thence x + y : y ^=^6 : I 

and a? + y • a? = 6 : 6 

Dividing the second proportion given by either of these, 
tehn for term, I get : 

X + y X . y 3 , 1 





„.— — : ■ ■ =s .^ : 5 BBS >^ : 5 




x + y ,y 6 2 


and 


' X + y X ^ y 3 1 

— * 1 — - 1 




X + y X 6 2 


that is, 


1 :ar = 3 : 30 = 1 :n10 


and 


l:y:^l:2 



giving ;^=10; y = 2 

So I find John has 10 heads of cattle, land Peter appears 
to be richer in puzzles than in cattle, which he did not like 
to tell me. 

4th Example. A , B, and C , in a joint speculation, gain, 
and give only the following account of the quantity each 
gained : the product of the gain of A into that of B is 
equal to $1200, that of A into that of C s> $1800, and 
that of B into C = $2400 ; what was the gain o£ each ? 

This example will show, that an equality of products as 
is given here, expresses a geometric proportion equally as 
weU as an equality of fractions or ratios; for by the de- 
compositton of these products into the extreme and mean 
terms of a proportion, we obttun the three proportions : 

s^ : 40 =s 30 : tf 
a? : 60 = 30 : 5? 
t^ : 40 = 60 : s 

* Dividing the first by the second, term by tenn, we ob- 
tain: 

0? 40 30 If 

X 00 do z 

or, 60 : 40 = z:y 

Ditidisg this proportion by the third, term for term : 



« 






'^-^ '^ . .. - ^ ^^ / 






■ % 



r'/ >; , J — : — = — ^i 



60 40 z y 

f^y 40 60; >f ^ 

60:ii =5 5: X 2f : 60u ' 

•' -^ f ■ 

60 : z = ^ : 60 
«= 60 
Dividing the iiiesi^8<^ third, term liy term: 

2r 40 30 j( 

_^_. • ____ I " ,___^ • ____ 

«f 40 60 z 
X : 2f = 30 iS : 60 2( 
X : I sz z i2 
Multiplying this by the isecond, term for term : 
arXar:60 = 30X5r:85; 
a?: 30 5= 30: a? 
3? = 30 
Dividing die second by the third, term for term : 

07 60 30 2 

_^^ • ^^^ ••^ _^_aa • __^ 

-■^^ • ^^^ -^— — " ^ aa^^ 

jf 40 60 s 

40a?:60^ = 30:60 
4a?: 1^ = 3 : 1 
a: :2^ = 3 :4 * 

Dividing this by the first, term for term : 
X y 3 4 14 

0? 40 30 y 10 2f 

or 40 : 2/ = 2f • 40 

yr=40 

. This example, iexpressly chosen for its simplicity, may 
suffice to explain the principle. 

EXAMPLES AND (QUESTIONS. 

1. Two travellers, A and B, leave two places, 100 miles 
distant from each other, at the same time ; A travels 6^ 
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miles per hour, and B 7} miles per htour, what part of the 
distance will each of them make ? 

Ans f ^ = 44,9205. 
Jlns. ^' » = 55,0295. 

And what time will they travel before they meet ? 

Jlna* 7 h. i min. neady. 

2. How many yards of cloth were there in a piece 
winch cost ^66,60, the price of the yard being to the num- 
ber of yards, as 5, to 7? Am. 9fi56l. 

8. The sum of two numbers multiplied by the ^ceafer 
is 126*, &e same multipUed by the less is 105, what are 
the 2 xiiimb^s ? » Ans, S artd 7. 

4. The slow, ot parade step of the ftSkaaPf being 90f 
steps per minute, and the step 28 inehes, bo# iar vK>uld' 
troops travel, by marchitig 8 hours in a dliy ? 

5. The hour and minute haiid of a clock are together 
at 12 o'clock, when are thjBy iogether after each hour af- 
terwards? /i : J * * / . V ^• 

6. Of two tmveneVupoii me §kme rdad, A travels 5 
miles an hour, B 3 mites an hour ; when B parses a cer- 
tain place on the way, A is still 13 miles behind him ; at 
what distance will he overtake B ? Ans. Z2i tnilee. 

7. Two men bought a lottery ticket in partnership, A 
gave $9 towards it, B gave $7 ; the ticket draws a prize 
of $2000, how much Will each of them get? 

^ ,^. T U TT •*«*•{ B = ^875! 

: t. The falher o&a child is 52 years older thap the child, 
his mother 36 years older, and the age of the father is to 
tiiat of the mother as 4 to 3; what is the age of the 

child I Zj ' *^'^' ^^ years* 

9. The product bt the sum of two numbers by the 
greater, is equtil to 209, and by ^eir "di^renee, equni to 
^^y what are these numbers ? Ana. 8 and 11. 

IQ. The sum of two numbers multipUed by the greater, 
gives 24 times the -lesser, and multiplied by the lesser, 
gives 6 times the greater ; what are Uie two numbers*? 

11. Three workmen can severally do a piece of work 
in the following times : A in 3 weeks ; Bin 8 wee}<s may 
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perfimn it 3 times ^ C 5 times in 12 weeks ; in what time 
will they ^rform the work jointly ? 

«^ ^ , . w' .tfjw. in } of a week. 

^ -^12. If' A and B togetner can perform a woris in 8 days, 

and A and C in 9 days, and B and C in 10 days ; how 

many days will it take each to perform the work alone ? 

•fljM. To A = 14JI ; to B = 17|^ ; to C = 23/^. 

13. The sides of two squares are in die ratio of 3 to 1^ 
and t^e cium of their surfaces in feet, is to the sum of their 
sides in the ratio of 15 to 1 ; what are the sides of the 
squares? j3it«. iSfL andefi^ 

14« A, B, and C make a joint stock ; A put in $170 
less than B, and $340 less than C, and the sum of the 
shares of A and B, is to the sum of the shares of B and 
C, as 6 to 7 ; what did each put in? 

j9f». share of A =^ 425; of B = 595; of C «: 765. 

15« A, B, and C increase a certain stock they have, ia 
equal shares, so that A adding. .$3000, B 95000, and C 
1^8000, these 3 shares are in continued geometric prqxnr'- 
tion, what was the share of each in the original stock, and 
what are the new shares of each ? 

{4000 of A. 
6000 of B. 
9000 of C. 
16. The product of two numbers is 63, and the square 
of their sum is to the square of their difference, as 64- is 
to 1 ? what are the numbers ? j9fM« 9 and 7. 

17« The difference of two numbers whan divided by the 
lesser, is equal to 48 divided by the greater; and wllen 
divided by the greater, is equal to 3 divided by the lesser ; 
what are the numbers ? Ans. 4 a$id 16. 

18. The sum of two numbers when divided by the 
greater, is equal to }, and when multiplied by the lesser, is 
equal to 126 ; what are these two numbers ? 

Ans. 6 and 15. 



PART IV. 



EXTENSION OF ARITHMETIC TO HIGHER BRANCHES AND 
OTHER PRACTICAK* APPLICATIONS. 



CHAPTER I. 

Of S^quare and Cube Roots. 

§ 98. When in a multiplication the two factors are 
equal) the product is called a square ; because it corres* 
ponds to what would be produced in nature by laying off 
the quantity which th^se numbers represent, in any unit of 
lined measure, in two directions perpendicular to each 
other ; and completing the figure by two equal lines, 
c n drawn perpendicular at the end of these ; 

as, for instance, taking 4 feet and laying 
them off upon ABy and also upon *ACj and 
then drawing BD, and CD^ at equal dis- 
tances, again perpendicular to «^jB, and 
A B CD ; ABCD will be a square, represent* 

ing the square of 4, that is, 4 x 4 a 16. 

E p The product of any two numbers may be 

represented in the same way, by two lines per- 
pendicular to each other, divided into equal 
parts, and completing the rectangular figure^ 
having its opposite sides equal ; as here the fi- 
gure EFGH. 

So we may, when we have such ^ surface, 
^ ^ or product, given, and one pf the sides, find 

the other side by division, as is evident firom the second 
figure* But when the figure is a square, as in the first 
case, we can find the two equal sides of it by a peculiar 
process, which is called the extraction of the square root ; 
the principle of which it is now intended to explain. 
For this purpose it is necessary to investigate what a 
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product is composed of^ by decomposing each factor into 
two parts, not unlike the method we have used to show 
the propriety of the orinciple of carryicig in multiplication ; 
namely, we divide the number into two parts ; thus, for in- 
stance, we would write 14 as 10 + 4 ; or merely consider 
it as so composed, and by multiplying the number into 
itself under that fbrm, keeping each individual result sepa- 
rate, we shall obtain the following process and results : 

14 
14 



4X4 



4 X 10 
10 X 10 + 4 X 10 



10x10 + 2x4X10 + 4x4 
100 + 80 + 16 = 196 

That is, we obtain by the product of the units 4 X 4 = 16 ; 
by the product of the unit of the multipUer into tho 
tens of the multiplicand, 4X10 = 40, and the same 
again bv the product of the tens of the multiplier into the 
units of the multipUcand ; then lastly, by the product of 
the tens, 10 X 10 = 100. 

This gives, by the addition, three distinct products, viz : 

l8t The square of the first part, that is, the product 
of the first part into itself, here 10 X 10. 

2nd* Twice the product of the two parts into each 
other, here twice 4 X 10, or 2 X 4 x 10. 

3d. The square of the last part, or the units, here 
= 4X4. 

In making the division of the number according to our 
decimal system of numeration, they follow the same order 
in magnitude as here stated. We find also by the inspec- 
tion of this result,^ as we know besides by the multiplica- 
tion table, that the product of the units can influence two 
places of figures, namely, units and tens, and cannot in- 
fluence the third ; the same is the case with any of the 
subsequent numbers, each influencing only the raiJc which 
It occupies, and the next higher rank ; this gives the piin- 
ciple, by which we may Imow in any number, of how 
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many numbers the square root will be composed, namely :' 
by dividing it into as many pairs of figures, from the right 
hand side towards the left, as it will admit ; the number 
of these divisions, will be the number of figures of the 
square root 

As the extrMtion of the square root of a number will 
again be the opposite of the elevation to the square, the 
above operation must be executed in an inverted order to 
extract the square root, as in division the inverse order of 
the multiplication has been followed. 

The operation of raising to a power is also called, '/nva- 
luHon, and the extracting of the root, Evplution. 

In order to denote in an abridged manner the multiple 
, of a number by itself, the idea will readily occur, to write 
the number only once, and to indicate the number of fac- 
. tors intended, by placing a small number at the top and to 
the right hand of the number, corresponding with this 
number of factors ; and 10« = 10 X 10 ; 10^ = 10 
X 10 X 10 ;*and so for any other. To indicate the ex- 
traction of the root the sign •/, or an extended r,*is writ- 
ten before the number ; as ^196, denotes the square root 
of 196 ; if other roots are to be extracted, the number • 
corresponding to the degree of the root is written in the 
\/ , as ^ ; {/ ; and so on ; but a much better method is, 
to continue the same manner of notation as in raising 
numbers to their powers, expressing the roots in their cor* 
responding firactions, so that v^l96 = (196)'i ; ^196 
= (196)^ ; ^nd so on in higher degrees. 

§ 99. In Evolution the first step will therefore be, as 
in division, to find that number which, multiplied into itself, 
will give the product nearest below the most lefl hand 
subdivision of the given number, whether this' con- 
sist of one or two numbei^ ; this square being subtract- 
ed, the remainder must furnish the two other products ; as 
the second of these is the larger, if we multiply the number 
found before by 2, and divide the remainder of the given 
number by it, we shall have a number as quotient, near the 
second, or next following number ; with which we shall 
then have to execute the two products, indicated by the 
above result of such a multiplication; But in the*deter- 
mination of this quotient it must be observed : that there 
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must be left a sufficient latitude for the subtraction of not 
only its double product with the first number found, but 
also of the square of this quotient ; as is evident from the 
result obtained by the raising of a number into the square. 
1^ Example^ Let the above number be chosen to ex- 
tract the square root ; to explain the direct inversion of the 
operation, or to execute 

96 = 10 + 4 = 14 
00 



First square 10 x 10 = 1 



Remainder s= 96 
Divisor 2 X 10 = 20) in 96 ; 4 time^ 
(20 + 4) X 4 = 96 

No remainder ' 00 

The number divided off by 2 from the right hand shows 
that the root has two places of figures ; m the first will 
be in the tens, and the number in the second division being 
1, the square root of which is also 1, the first square will 
^ be 10 X 10 s= 100; the root therefore is 10; this being 
written, the square = 100, is subtracted from the whole 
196 ; the remainder, 96, being written, the divisor, which 
shall serve to find the other number, will be the p»5duct 
2 X 10 = 20 ; which being found to go 4 times in the 
remainder, 4 is written in the root, and being also added 
to the 20, the sum of both is multiplied by 4 again, as we 
have foun4 it* to be factor in both the two last terms; 
the product of this = 96, written under the remainder 96, 
being exactly equal, gives ^ the 14 as the square root of 
196 in return. 

2nd Example* Let it be given to extract the square 
root of a number of more than two places of figures, as 
13456. Dividing the number off as before directed, we 
find, that the root must have three places of figures, or 
the first figure will be in the hundreds ; tb- '^K♦o;•* fV.* 
following process ; 
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100 X 100 1 

Divisor 2 X 100 
Product 2X100 + 10 
multiplied by 10 =- 

Remainder &=> 
Divisor = 2 X 110 
(220 + 6)X6 = 



34 
00 

34 
21 



13 



13 



66 :?= 100 + 10 + 6 

ao 

56 quotient = 10 
00 
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116 



56 



56 



00 



quotient «i 6 



It will easily be conceived, that every number does not 
give a whole number for a radical, because every number 
is not the product of another number multiplied into itself; 
in the same manner as in division every number is not 
divisible by a given number. 

We may evidently in large numbers, by way of abridg- 
ment, take Quiy the two next numbed down, as in divi- 
sion, and consider the former as a ten, in relation to this 
number taken down, and proceed thus to the end, or to 
any desired number of places of decimals ; for the pro- 
cess, as first mentioned, will proceed in this case accord- * 
ing to the same system, .exactly as if it was a mere divi- 
sion continued to decimals, only the mode of making up 
tiA successive products which are to be subtracted being 
different. Therefore, also, the evolution of a number 
with decimal fractions is exactly the same as the evolu- 
tion of whole •numbers, whether it have an exact root or 
not. But it fauBi be remarked, what the principles upon 
which decimal fractions are grounded might easily sug- 
gest, namely : that the partitioning into pairs must begin 
from the unit and proceed equally, both to the left and to 
the right ; therefore, if there be an odd number Of deci- 
mal places, a must be ulaced to the right to make up the 
pair, which, as is well k§own, does not change the value 
of the fraction. 

The following two examples will suffice to give a cor- 
rect idea of it, and lead to Uie practice of this operation. 

To execute V 1419,7864, being a number with a deci- 
mal fraction : writing it partitioned off as just directed, the 
foUowing results: 
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First square 



^14 



Remainder ' = ' 5 
Divisor = 2 X 30 
(60 + 7)7 « 4 

Remainder = 
Divisor ~ 2 X 37,0 
(74,0 + 6)6 = 

Remainder = 

Divisor = 2 X 37,6 
(76,20 + 0,08)0,08 = 



19, 

19 

69, 



50, 
44, 

« 

6, 



78 



78 

76 
02 

02 
00 



24 = 37,68 

quot. = 7 



quot. = 0,6 



24 



24 

00 



quot.* = .0,08 



Here the process is evident, from the expressions placed 
opposite to each number ; the number obtained is always 
augmented by a 0, and multipUed by 2, to form the divi* 
sor, which froni the remainder gives the next figure ; this 
is considering it as the ten of the following «iumber ; the 
quotient added, and the sum multiplied by it, gives the 
product to be subtracted ; and the remainder is to be 
treated as before. 

' Exactly in the same manner the following example 
gives y/ 2; it is here placed without any further indica- 
tion, in order to give room for study 



V 2 
1 

1 



s= 1,41421356+ &c. 



00 
96 



1 
1 



00 
81 



Id 

12 



6 
5 



00 
96 



04 
65 



38 
28 



10 
8 

T 

1 



00 
64 



36 
28 



07 

48 



59 
41 



IT 






59 
5S 



06 
42 



64 



00 
69 



31t00 

13 25 



17 1 75 1 00 .&c. 
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Extract the square root of^. / " '.' ^ 

Ut. 1296 Bkh. L( > ^ 7, 

2nd. 7921 9th. 18,49 

3d. 9899 10<^. , 366 

4<fe. ^25^1001 ll^A. 106920 

6/^. 690^,8l <^ 3 \l2th* 152399025 

6ih. 476991, ^ 13/^. . • 0,006 

Tth. 3, ♦ Uth. 78,5 

§ 100. From the preceding we have only ^ short and 
easy step to make, by means of reflections grounded upon 
the principles just used to explain the extraction of the 
square roots, in order to determine the principles upon 
-which a Quadratic Equation is solved ; that ia^ to furnish 
the means to determine an unknown quantity, which, in a 
combination with others, would be midtiphed into itself, 
or 'that, as we have stated above, is said to he squared. 
To make the explanation more si]:](iple, we may use two 
means, which taken in conjunction will, I hope^ leave to 
the attentive student of this book, no difficulty. 

I wish to introduce this here, although unusual, because 
its absence would leave us in the subsequent parts, when 
we shall treat of progressions, without the means of find- 
ing, or satisfactorily explaining, the solution of certain 
buestions arising from them ; for I have proposed to my- 
self, never to lead the student blind o\|ir any step; 
while at the same time I wish to give him all the means 
of calculation in arithmetic, that he may desire, in a man- 
ner satisfactory to a reflecting mind. 

We have before decomposed the number, of which we 
wished to show the different products forming the^square, 
into two parts, andKave there shown, that the square num- 
ber resulting was composed of the sum of the squares of 
the two parts, and twice tiie product of the two factors 
into each other ; we there decomposed the 14 into 10 and 
4 ; we choose this division on account of its direct appli- 
cation to the extraction of the square root of a number 
. written in our usual decimal system ; but any division 
wiU do the same thing. 
15* 
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If in the annexed fi- 
gure, of 14 subdivisions 
on each side, we divide 
the sides into Q and 5 
parts, the result will be 
9 I M M ! I i ' '.'.'! ■• exactly the same; we shall 

have the square A9a^ = 
9X9 = 81 ; the product 
of 5 X 9 twice, on each 
side of this square, in 
^ohBn and 9acC, and the 
small square obDc =5X5 
which together will fill up 
__ the large square JIBDC ; 

^ 9 J5 j^j^(j summing up these 

products; obtained by the multij^cation as above, we ob- 
tain 
^X9 + 2X9x5 + 5X6 = gl + 90 + 26=196. 

and any other division would give the same ultimate result. 

As, therefore a square number can be decomposed in 
any two parts, so as to obtain from it two smaller squares, 
and twice the product of the two parts into each other, we 
are allowed to consider any square number to be thus 
composed. 

We have seen in the very beginning, that in arithmQjtlc 
we have always two operations, exactly opposite to each 
other, the one always compensating the efTect of the other. 
We have seei]|> in treating of proportions, that when the 
same operation was executed on both «ides of the sign of 
equality, the results were again equal, and therefore the 
principle of equality still subsisted ; or, what is the same, 
that equal operations performed upon equal quantities do 
not destroy the equality ; by this means we were enabled 
to obtain solutions of questions, or, what is the same, de- 
termine unknown quantities, vario.usly involved by other 
known ones. 

If now, in application of these principles, we consider 
an unknown quantity in any manner involved, which ap- 
pears in any one or more of the parts, multiplied into it- 
sdf, Uutt is, in the square, and in other parts simple, we 
are; by the principle last shown^ authorised and enabled to 
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separate the square from all other tiumhers, or quantities 
that might multiply or divide it ; and we can consider it 
thus insulated) according to the explained principles of the 
division of the square, as representing the square of the 
first part, or subdivision of the number, or part of the 
iidiole square. 

To apply this to an example^ we must again give our 
unknown quantity a designation, and treat it as if we knew 
it, until it comes to stand alone on one side of the sign of 
equality, which gives the solution, by indicating that it is 
equal to the result of the combination represented by the 
linown quantities on the other side of the sign of equality. 
Then the terms multiplied by the unknown quantity must 
be considered as representing twice the product of the first 
< term into the second, or, in that case, of the unknown 
quantity into the known ones. The known or determined 
part of this will therefore represent the double of the 
second part, therefore half of this factor being squared 
will represent the smaller square ; (pr in general the other 
square needed to complete the entire square ;) therefore 
by the addition of this square on both sides of the equality, 
a square number is obtained, of which the square root can 
be extracted by the rules given, or, what is in this case 
equivalent, wluch can be expressed by the given numbers. 
The quantity sought for is diierefore known from it. 

Example, Suppose we had given, by the result of a 
calculation, a combination of quantities which have the 
following form : 

480 = 3a?a 4-36ar 

,160 = ar« + 12 a? 

ISlfi = x^ +12ar+ 36 

V 196 = ar + 6 

/ 14 — 6 = 8 = 0? 

having the a? in the square multiplied by 3 ; this must first 
be disengaged, by dividing all the terms on both sides by 
3 ; this gives the second line ; then the 12, multiplying 
the simple x, representa the product of 2 into the second 
part of the subdivision of the whole square ; therefore its 
half, or 6, is the dide of this second square} when xiaHae 
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side of ^6 other, because the 12a?, or 2 X 6 X ^, must 
represent the double product of the two parts, like 9^ abB 
+ 9 acC. If, therefore, we square the 6, and add it to 
both sides, by which the principle of the equality is re- 
tained, we shall have on the right hand side a full square, 
in which the x is the side of one of the lesser squares, 
and the other is knoWh ; thus the third line above is ob^ 
tained ; the two parts, into which the square appears di- 
vided, are therefore w and 6, which will together be equal 
to the square root of 196 ; this gives the fourth line. Ex- 
tracting the square root of 196, ogives 14, and if the Q is 
subtracted on both sides, the diSerence gives the value of 
07 as in the last Une, for the final result 

The operations needed in consequence of the above 
principles are therefore the following. 

1. Write the given quantities in such an order, that (he 
parts containing the unknown quantity stand aU on one , 
side of the sign of equality ; and those having none but 
knoton quantities on the other side. 

2. •Arrange it so that the square of the unknown quan- 
tity multiplies at once all the quantities which it has to mul- 
tiply y and do the same with the quantities that multiply the 
unhMvm quantity simply. These multiples may be one or 
more quantities and either whole or fractional. ' 

3« Disengage the square of the unknown quantity of all 
its multipliers, either whole or fractionalj by dividing 
every term of the equation by them. 

4. Make the square of the half of the factors which mul- 
iiply the unknomh quantity in the simple form, and add this 
square to both sides. 

5. Extract the square root of that side of the equation 
which has no unknown quantity, and wrjte on the side of 
the unknown quantity, the root of this unknown quantity 
and of the square aided. 

6. Subtract the knoion pa/rt which now appears t^ed 
to the side of the unknown quantity from the square root of 
the determined number of the other side, 

1» The result will be the value of tk^ unknown quantity 
eot^ht. 
These general principles will include all cases that may 
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BXAMPLES IN qVAI^RATIC EQUATIONS. s- -> 

1. Given 0?* — 8a? — 7 = 13 to find ir. .Ans, 10. 

,2. " 3 . a?« — 2 a: = 40 '' ar. Ans. 4. 

3. " iara~ia:+y=9 " x. Jj/w. 3. 

4. " 3a?3 +2a? — 9 =76 " x. Am. 5. 

5. '» 2 4?^ — 54 a: = 66 " a?. .;3w«. !• 

6. To divide ten into two parts, so that their product 
shall be equal to twelve times ^eir difierence. 

Ans, 4 and 6. 

7. To divide 13 into three parts, so that the difference 
between the squares shall be equal, and the sum of the 
squares = 76. Ans. 1, 5, 4md 7. 

§ 101. For the cube, or the product of .three equal fac- 
tors, which corresponds in nature to the solid, we have to 
multiply the product, which has been obtained for the 
square, once more by the first quantity ; in order to show 
what different parts it is composed of, the above mode of 
sepa,rating the faetors is to be preserved, because it will 
show how the products are to be tnade in the extraction of 
the cube root. For this purpose, the same example which 
has secyed before will be again made use of. 

We Have obtained in section 98, by 14 X 14, or 143, 
the result 

10 X 10+2 X 10X4+4X4 which bejng multipUed 

by 10X4 gives 

10X10x10+2x10X4X10+4X4X10 

+ 4X10X10 +2X4X4X10+4x4X4 

10X10X10+«X10X40X4+3X10X4X4+4X4X4 

= 103+3X 10X4+3X10X4^+43 = 2744 = 14^ 

It will be observed, that this product is composed of 
the cube of 10 ; three times the square of 10 into 4 ; three 
times the product of 10 into the square of 4 ; and the 
cube of 4. Or, generally, the cube of the first part, and 
three times the product of the square of the first part into 
the second ; then three times the product of the first into 
the square of the second part 5 and lastly, the cube of the 
second part. 
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These produets are llierefore to be- formed out of the 
parts of a cube the root of which it is intended to extract. 

It will again be observed here, that, with reference to 
the subdivision of the cube in the order of our decimal 
system, the second term will be the largest after the first, 
as it contains the double square of the first, as the laigest 
factor which may occur after the cube oT the first ; it 
forms, therefore, the leading part, V>r factor, to find the 
second part, as in the extraction of the square root^ 

It will also appear, that, as we had to divide off the 
number into pairs of figures in the square, here it wilM^e 
necessary to divide off the number eveiy three figures, 
from the right hand side towards the left, because the pro- 
duct of a number of two figures into one of one figure 
may give three figures in the result 

With these reaults, and the principles which arise firom 
them, for the converse operation, that is, the extraction of 
the cube root, we shall be able to execute this operation 
property. 

IH KxampU* The above resulting number, "2744, be- 
ing given, to extract the cube root, which is indicated thus : 



First cubic root taldng off 1^ 

Bemainder 
Divisor =3X10X10 = 



1/2 

1 



Second term = 300 x 4 

Third term = 3x10X4X4 
Fourthterm =4X4X4 



= 1 



744 = 14 



744 

300 quot. = 4 

200) 
480 V 
,64) 

744 

000 



Sum o£ the three terms = 

Subtracted from the remainder leaves 

The only number which cubed will not exceed 2 is 1 ; 
taking away this cube gives the remainder 1744 ; forming 
the triple product of the 10' = 300 ; this in common di- 
vision would go 6 times in 1744 ; but there must here be 
room for the subtraction pf the products indicated above, 
and it will be found that only 4 wUl admit that; therebywe 
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form the B tenns placed under, as indicated, according to 
principles resulting from the formation of the cube ; the 
sum of which is equal to the formef rem^der, and sub- 
tracted leaves 0, giving 14, the exact cube root of 2744* , 
2nd Eixaffiple. Extract the cube root of 994011992, 
or execute 



?/ 994 



900» = 729 



First remainder 



= 265 



Divisor = 3X9003 = 2 430 



Oil 
000 



992 =-900+90+8=998 
000 



011992 



3X900^X90 

3X900X90* 
90 3 

Sum^of factors 

Second remainder 



218 
21 



== 241 
= 23 



700 
870 
729 

299 



000 quotient = 90 



Divisor =3 X(990)a = 2 



3X990^X8 
3X990X8* 

8» 



= 23 



712 



940 



000 
000 
000 



} 



000 



992 



522 

190 



300 quotient = 8 

400 \ 
080 V 
512) 



Sum of factors = 23|712J992 ' 

Third remainder .= 00 oot 00 

The given number admitting three subdivisions in be- 
ginning from the right, indicates a root of three places of 
figures. The nearest cube root of the first division of 
the numbers on the left being 9, which in the third place 
is equivalent to 900, the cube being made and subtracted, 
leaves the first remainder ; the triple product of the square 
of it, taken as a divisor, shows 90 as a quotient, /or the 
next root. The products are now formed as indicated ; 
their sum being subtracted, from the first remainder, leaves 
the s«€ond remainder, upon which the same process takes 
place as before, taking the whole of the root found as the 
tirst^term; and the sura of the products being equal to 
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thelast remainder, the number given proves an exact cube 
of the number 998 obtained as root. 

3d Example* If the number is no exact cube, we may 
extract the approximate root in decimal fractions, as well 
as in the square root ; the number of O's to be added each 
time must of course be three, and the products are form- 
ed as required in the former example ; the process will go 
on, in other respects, as has been seen in the square root. 
To make this strikingly apparent, we will here execute 
^ 2 ; thus : 

^ 2| =s 1,2599 + &c. 
= 1000 

Remainder = 1 000 



Divisor 3 X10> = 

3X10«X2 = 
.3X10X22 = 

2^ = 

Sum of factors = 

First remainder == 

Divisor 3x120'' = 

3X120«X5 =s 
3X120X53 = 

Sum of factors == 

Second remainder = 
Divisor 3X1263 = 

3X1260»X9 = 
3X1250X93 = 

93 =/ 

Sum of factors = 

Third remainder = 

Divisor 3X12690* = 

3X12590>X9 = 

3X12590X93 = 

9» = 

Sum of factors = 

Fourth remainder = 



300 

600) 

120} 

_8) 

728 

272IOOO 



43 



216000) 
000 > 



225 

46 



200 



adding three O's 
quot.s=5 



126J 
125 
000 



875 



4687 

42187 
303 



42 
4 



491 



383 



475 



4279 
3 



282 



100 



500 

500J 
750 S 
729J 

979 

021 



adding three O's 
quot. == 9 



524 

718 

059 



778 



000 adding 3 O's 

300 quot. = o 

700| 
370 > 
729 j 



799 



2421201 



Adding thre^ O's, it would be continued as before* 
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The place of the decimal mark is evidently again de- 
termined by the usual principle, namely : where it be- 
comes necessary to add O's to continue the operation. It 
is here only marked in the root and in the process omitted 
as understood that the value of the figures is determined 
by the well known law of the decimal system. 

EXAMPLES FOR PRACTICE. 



Extract the cube root of 




1- 


lat. 9261 


7th. 


' \ 1520,875 


2nd. 1906,624 


8th. 


' ; 216,000 


3d. 20570824 


mh.. 


6832,761 


4th. 4052,24 


lOth. 


64,372 


5th. 43243551 


nth. 


389017 


6^^, 103 16 1,^09 


12th. 


9092727 



§ 102. We here see again, that the principles deduced 
may lead to the solution of equations of the third degree, 
as this is called in higher calculations, or to determine a 
quantity which appears as formed of three equal factors 
multiplied into each other ; together with others involved 
with the lower powers, that is, the square, and the single 
power, together with some terms consisting of known 
quantities ; but it is not the province of arithmetic to go 
into this inquiry ; because it requires operations, and pro- 
duces cases, which are reserved to be solved only in uni« 
versal arithmetic or algebra. 

It is evidently possible to produce the involutions of 
liigher degrees in the same manner that has here been 
shown for the square and the cube ; but the evolution pre* 
sents increasing difficulties as we proceed, the possible 
combinations of different factors to the same ultimate re- 
sult being evidently always more numerous, and therefore, 
also, the possible roots. Even in algebra there is not yet 
a general method found to solve such questions, and it 
steps entirely out of the limits of arithmetic to treat any 
thing relating to this subject* 

CHAPTER 11. 

Of Progressions, or Series. » 

^ 103. In mentioning (sections 84 and 89) continued 
proportions, and the progressions or series wliich result 

16 
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from their continuance, we referred to a future. extensidit 
of the Gnihject to the progressions or series, which are in- 
tended as Uie subject of the present chapter. 

According as the continued proportion is eithes^an arith^ 
metical or a geometrical proportion^ we obtain by its eX"* 
tension to a greater number of quantities : either an ariOi^ 
fneticdl or a gejometrical progressioUy or series; each of 
which has pecuUar laws ; we shall here begin with the 
first 

§ 104. Jt series of numhers which progresses increa^ 
ing, or decreasing, by the same constant difference^ forms 
a continued arithmetical proportion, or an Arithmetical 
'Series^ * 

• This principle is therefore the element ef all investiga- 
tion in relation to the properdes of this kind of series ; ac- 
cording to it we shall be able to write all the terms suc- 
cessively, and therefore obtain the law of the mutual de- 
pendence of all the quantities concerned in it; such a 
series (which we will call equal to S) 'will, for instance, be 
the following : 

^ = 2+(2+a)+(2+2X3)+(2+3X3) + (2+4X3) 

+(2+5X3)+&c. 

In the writing of these series the terms are joined by 
the sign -h, which may equally serve to express the arith- 
metical proportion, as I stated at first, and the constant 
equality of the difference will become equally apparent by 
the subtraction of each term fVom its immediately subse- 
quent term, which gives here the constant difference, 3. 

Considering th,e successive dependence of these terms 
upon each other, and comparing their value in relation to 
their distance from the first term, we observe that the con- 
stant difference makes its first appearance in the second 
term, and being afterwards found added in each subse- 
'quent term, it will in any term whatever be one less than 
the number of terms indicates, whether the series be in- 
creasing or decreasing. Thus we find it here in the sixth 
t^rm added five times to the first term. This gives us the 
principle by which to determine any term, when the first 
term and the constant difference are given. 

It will be of the greatest advantage in the extension of 
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aritlimetic in this state of forwardness, to apply the use of 
letters to denote certain quantities, until they are deter- 
mined, that we may express our ideas clearly, fully, and 
briefly, by applying to these letters the signs of arithme- 
tic which have been taught in the beginning. We mW 
therefore generally denote the quantities concerned in our 
present investigation by proper letters ; thus : 

Let the first term be designated by^ or be = a 

" constant difierence = d ' 

" number of terms of the series =s n 
" sum of the series * s=s iS 

Thus we shall be able to express the property, which w'e 
have just found, of the value of any term, which we de- 
note by «, by 

term {n) ^saa + (n — I) d 

And the whole series extended to the term n, would be 
written thus, (omitting the intermediate terms :) 

15/ 2nd (n^l)st nth 

S = a+(a+d) .... (a+(»— 2)d)+(a+(»— l)d)+&c. 
Considering the nth term, it is evident that if, of the three 
quantities concerned in it, and the whole value of the term 
itself, any thriee are given, the fourth may be determined 
from them, just as we determined the fourth term in a 
geometrical proportion, notwithstanding that Hoe law of 
their mutual dependence b very different. 

Example, In the above series we had a bs 2 ; d = 3 ; 
let n denote the sixth term. We shall, by putting the va- 
lues of the letters in their plaees, and peribrming the ope- 
rations indicated, obtain the following : 

Value of fhe 6th term = 2 + 6 X 3 = 17 

In a similar manner any other term would be obtained, 
as: 

The 21a/ term = 2 + 20 X 3 = 62 ; and so on. 

If we had 62 as the value of Uie term given, and the 
first term, together with the constant difierence, we would 
evidently obtain the number corresponding to the term, by 
subtracting the first term from the sum^ and dividing the 
remainder by the diffi^rence, then adding a unit to th^ qxi^ 
tientthus: 
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62 — 2 = 60 ; then V = 20. Adding 1, gives for 
n=21. 

In like manner any other part can be found, by revers- 
ing the operations accordingly. * 

If for instance the lOth term was given = 29, the com- 
mon difference = 3. The first term would be foimd by 
subtracting 9 times the common difference from the amount 
of this lOih term, as 

29 — 3 X 9 == 29 — 27 = 2 

If the first t^|in == 2, is given, and the number of terms 
s= 12, together with the value of that term = 35, the let 
term being subtracted leaves 33, to divide by one less than 
tile number of terms, that is, 1 1 ; which will give 3 for 
the conmiOH difference. 

§ 105. The most frequent use of these series, and 
therefore the principal object of inquiry, is the determina- 
tion of their sum, by means of the three other quantities con*- 
oemed in it. The principle of this determination is deduct- 
ed from the nature of the series, in the following manner : 

As we found in arithmetical proportion that the sum of 
the extremes is equal to the sum of the means, so it is 
evident that here the sum of the ex^emes is equal to the 
aum of any two terms equally distant from them, for the 
0um of every such pair of terms must contain the first 
term twice, and the constant difference an equal number 
of times, because these increase in numbers equally from 
the be^nning onward, as they decrease from the end 
backward. 

In the above series we obtain : 
By the first and last or Gth term : 

2 + 2 >5 X 3 = 19 

By the second and last but one, or 6th term : 

2 + 3 +2 + 4 X 3 = 19 

By the Zd and Ath term : 

2 + 2X3 + 2 + 3 X3= 19 

And generally, by the Ist and nth term,, we would obtain, 
adopting the expressions above used, the general value of 
any pair of terras : 
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«+« + (» — I) d 

Summing up all these pairs of tenns, we would of course 
obtain the sum of the whole series. But there are as maiiy 
pairs of terms as the number of terms divided by Z; there- 
fore we may obtain the valiie of the whole series at once, 
by multiplying the value found abo^e by half the number 
of terms ; that is, in the abo^ numbers : 

(2 + 2 + 6 X 3) I = 57 

And in the general expression in letters, or, as this is 
usually called, Equation : 

S=^ — (2a + {n — l)d) 
2 

In this general expression again ther^ are only four quan- 
tities concerned, three of which being given the fourth is 
determined ; by making such operations upon the above 
equation as will bring the quantity to be determined alone 
on one side of the sign of equality, asjn this case the S. 

§ 106. To detefmine any quantity in any way involved 
in such an expression as the above, which in general anth- 
metic is caUed an equation, the same principle is made use 
of as has been shown in proportion,, namely, that all such 
mutations are allowed as do not change the principle, that 
afler the change made, the quantities on each side of the 
sign of equality are again equal.. This Feads directly to 
the consequence, that we are allowed to perform any ope- 
ration of arithmetic we may wish, upon such an equation, 
provided we do the same on both sides. 

As we have seen above^ that the operations, conunonly 
called rules of arithmetic, are of such a nature, that two 
are always opposite to each other, that is to say, the one 
will always evolve what the other has involved, ot disen* 
gage what the other has engaged, we shall naturally in an 
operation such as is proposed,^always perform up6n such 
an equation successively all the operations which witt dis- 
engage the quantity from all others, until it ultimately be 
found alone ob one side of ,the sign of equality. . 

We will therefore now apply these principles to the 
ti^uaHon before 49> to obtain successively expressidn^, or 
16* . . 



18.6 • PROGRlSSromi.OR SERIES. 

equations, for each of the quantities concerned, by means 
of all the others, and so collect the solutions of all the 
questions upon this subject in a series of Problepois. 

Ut Problem, To find the first term of the series, know- 
ing all the other parts, we would proceed thus : 

Taking the original equation 

n 

S= (2a+ (n— ;i)d^ — 

2 

n 
we will divide on eafeh side by — ; which will disengage 

2 

this multiplication, and give : 

2S 

— ~.=3 2a + (n— l)d 
n 

T))en, in order to disengage the addition on the right hand 
side, we will subtract on each side what is added there, to 
the part containing the first term ; this^changes the equa- 
tion thus: ' ^■ 

— , — (»_ 1)^ = 2a 

n^he 0, or first term, will now be alone, and therefore be 
determined, if we divide on each side by 2 ; this gives ul- 
timately: 

S d • 

(n— .1)— =a 

n 2 

This, expressed in words, which is in fact a less conve- 
nient way than the above expression, which speaks to the 
eye at once, would be thus : the first term is equal to the 
difference between the sum of the terms divided by the 
number of terms, and the product of half the common 
difierence into the number of terms, less one. 

Suppose we had the sum o^ the series : 5 = 164 
'' " common difierence : d = 5 

» '* number of terms : »= S 
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j&ie above e^quression would present us the followiiig re- 
sult : 

164 7X5 164 140 - 24 

8 2 8,8 8 

2nd ProhUnu To find the ^ coramon difference, we 
would transform the equation after the furst step, thus : 

2S 

having — = 2 o + (n — \) d 

n 

we subtract 2 a on each side, which gives : 

28 

2a = (n — l)d * 

n 

This divided by by n — 1, on both sides, gives the result : 

2 5 2o 

=d 

» (» — 1) n — 1 

This expression can be made more convenient for cilca- 
iation, by subtracting the fractions after reduction to a com- . 
mon denominator. Thus it becomes : 

2 5— *2no 
d = , 

♦• 
And by making the 2, a common multiplier to both^erms 
of the numerator : 

2 {8 — no) 



d = 



n(n— 1) 

Assuming for the letters the values given to them above, 
we obtain : 

2(164--8X3) 2X140 280 

8X7 66 66 

3d Problem. Any two terms, the first being one of 
them, and the • common difference being given, to find the 
number of tenns. 
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When the first term is subtracted from the other term 
given, we have the product of tlie common d^erence into 
the number of terms less one as remainder ; dividing this 
therefore by the common difference, we have the number 
of the term, when we add one to this quotient ; as for 
example : 

The first term being 5 ^ the other term given €9 ; the 
common difierence 4 : 

Subtracting the first term gives 69 — 5 = 64 ; 

Dividing this by 4, we obtain s= 16 ; to which adding 
1, gives the number of the term = 17. 

4th Problem, To find the distance which two terms in 
an arithmetical series are from each other, the common 
difference being given : 

If we subtract the two terms from each other, we evi- 
dently have fcH- the remainder the product of the common 
difference into the differei^ce between, the terms ; there- 
fore, when we divide this remainder by the common dif- 
ference, we obtain the number expressing the distance of 
the terms ; as for example : . 

leaving the two terms 69 and 92, and the common dif- 
ference 4, we obtain 97 — 69 = 28 ; dividing by 4, the 
distance of the terms becomes = 7. 

These problems' may evidently be varied in different 
ways ; and I now allow myself the supposition that the 
scholar will be able to do it by himself, as he may wish or 
need it. 

6th Problem. The sum of the series, the first term, and 
the constant difference, being given, tft find the number 
of terms. 

This solution will lead as into a quadratic equation, the 
principles of which have been explained above, with the 
express view to their application in this chapter. Jt is 
proper to treat it in the general form ; we shall therefore 
take the first formula, or the equation, for the sum of the 
whole series, and from it solve the value of n, by the fol- 
lowing successive steps : 

n 
Origioai equation, S = — (2 o + (»: — 1) 4) 

2 
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Midtiplying all by 2 : 

2 5 = »(2o+ (n— l)d) 

Executing the multiplication by n, indicated, and also 
that by^ d, in its place : > 

2 «S^ = 2 an + dn^ — nd 

Arranging the parts on the right by the powers of n, and 
making n, a common factor to its multipliers in the first and 
last term on the right : 

2 S = dn^ + {2q — d)n 

Dividing by d to make the n^ free of factors : 

28 2a— d 

•— — = »a + - — — . » 
d d 

2 a — d 
The ■ evidently represents here the double of 

d 

the second term, which we found above in a quadratic 
equation ; taking then the half of it, squaring it and add- 
ing it on both sides, gives : 

2S •2 0— d\2 2 a — d •2o-c!\2 



d 



(2 a— d\2 2 a — d /2o-a\J 
1 =n» + n+( I 
2d / d \ 2d / 

The square root can now be extracted on the right side, 
it being an exact square ; there being on one side none 
but known quantities, thus : 

2.8 /2 a — <lv2\ 2a— (2 



X2.8 /2 a — av2\ 
- + (-ir) ) = - + 



2d 



And we have now the quantity which we intend to de-* 
termine simply added to a known one, which being sub- 
tracted ultimately on both sides, \^ill leave us, ?», alone, 
that is, fully determined. 

We will now, by way 'of explanation in numbers, apply 
this to the numerical series supposed in the first problem 
above, by placing for each letter (except the imbkown^ n) 
it^vahie* 
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2X164 /2X3-5v2\ 2X3-5 



./2X164 /2X3-5v2\ 

4^ + (^ ) = • + 

,y328 / 1 \ 2v 1 

Bringing the parts of which the root is to be extracted 
tmder one single number, by the following operations suc- 
cessively: 

328 1 328X20+1 6661 

1 == -, = —65,61 

5 100 100 100 

the above wiU give us: 

^ 66,61 =» + tV = S,l 

and n = 8,1 — 0,1 =i 8 

§ 107. We have seen in section 88, that the continu- 
ance of a geometrical proportion produces a series of quan- 
tities of which each subsequent is a product of the pre^ 
ceding one by a constant factory either whole or fractional ; 
the first case producing an increasing, and the second a 
decreasing Geometric Series {or progression,) which is 
therefore the constant ratio between the terms, or what 
we have called the Index, 

The principles of the geometric series are applicable in 
all questions that relate to compound interest, annuities, 
and the like ; their principles wiU here be investigated in 
a manner similar to that us^d for the arithmeticat series ; 
but upon the principles of the geometric proportion, of 
which it is the continuance. We will for that purpose 
proceed by the example of the following series ; the sum 
of which we again call 8, to have a point of comparison ; 
the terms are therefore also added, or joined by the sign -|-» 

S « 3+6X3+52 X3+6» X3+6« X3+5« X3+6« 

X 3 &c. 

The law of continued geometric proportion^ that the 
product of the two extremes is equal to the product of the 
mean term into itself, evidently holds good here, and we 
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nave^ for instance, ty the product of the first anc^ third 
term, compared with the second, the following results : 

3x62X3 = 5X3X5X3 

or 225 = 225 

And by the same process upon the last term and j;he se- 
cond before the last, compared with the one before the 
last: • 

5^X3X58X3 = 5,X3x55X3 
or 2197165625 = 2197165625 

and also by the first into the last and the second into the 
one before the last, as 

3X3x58 = 3X5X3X5* 

or 140625 = 140625 

In all cases results evidently identical are obtained. 

Comparing the number of the factors of the constant 
ratio in each term with the number of this term, we find 
again, as in the arithmetical series : that, as this factor ap-^ 
pears of course for the first time in the second term, each 
term will contain one factor less than the number indicat- 
ing this term ; thus the second term has one factor, the 
third two, the seventh (as above) six ; and in general the 
nth term will have n — 1 factors, exactly in a similar man- 
ner as found in the arithmetical series. This considera- 
tion enables us to determine any term of the series, for : 
the nth term of the series above will be = 3X5(n — i) ; 
and if we again adopt general denominations as in arith- 
metical series, by calUng 

the first term » a 

the constant ratio = r 

we would write the above expression of the nth term 
= a . r(n — 1) ; that is, the nth term is equal to the pro- 
duct of the first term into the common ratio elevated to a 
power one unit less than this number of the term. We 
may therefore again determine any one of these four quan- 
tities when we have the three others given. 

§ 108* From the principles of continued geometric 
proportion a formula, or equation, is now te be deduced, 
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czpresstng the Sum of agcot»e<nc aeries in general terras^ 
We have seen among the mutations of the geometric pro- 
portion : that the sum of the two tenns of each ratio may 
be compared with either its antecedent or its consequent ; 
this, applied to continued proportion) where the middle 
terms are equal, produces the following : applied as ex- 
ample to the first three terms of the above series, namely : 

♦ 3:3X5 = 3x6:3x52 

whence, by addition : 

3+3X5 : 3 = 3x5+3x5^ : 3X5 

or 3+3X5:3X5+3x52 =r 3: 3X5 

by mutating the middle terms. 

For reason of the same equality of ratio we can add 
the next ratio to the antecedents, or by mutation to the 
two terms of the first ratio, and compare it to any one of 
the antecedents and its consequents, for which we may 
take the first and second term and get', for instance, for 
the next step : . .' ■ 

3+3x5+3x52:3 « 3x5+3x52+3x52:3X5 

or, 3+3X5+3x52 : 3X5+3x52+3X5^ =3: 3x5 

Thus we might continue tmtil the first antecedent would 
contain all the terms except the last, and the first conse- 
quent all the terms except the first; the second antecedent 
being always the first term and the second Consequent the 
second term ; or by expressing the sum of all the antece- 
dents by the sum of the whole series less the last term, 
and the sum of all the consequents by the sum of the se- 
ries less the first term, we will have a general proportion 
resulting, expressed in the letters adopted above, and fot 
a series of n terms ; viz : 

Sum of an- I ( sum of con- ) ,,. c% ja 

tece'dents} = { sequente J = l»<tenn : 2«dtenn. 

S — ^ ari^ — 1) : S — a = a:ar 
and by subtraction ; 

a — ar(n — ^) : S — a = a-— or : ar' 
dividing the antecedents jby a: _^ . 
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1 — r(n — 1) : S •— a = 1 — r : at 

multiplying the antecedents by r ; 

r — r" : *S — o = r (I — r) : ar = 1 — >• : o 

exchanging the mean terras : 

r — r" : 1 — r -=- S — a: a 

pMTCi of antecedents and consequents compared with the 
consequents : 

^. — rn-|-i — yji — y = ^ — a -{^ a : a 

or 1 — r" : 1 — r = 5 : a 

which gives: . ' 

a(l — r»*) rn — 1 

5 = — — -- = a ■ 

1 r — r r — 1 

The better to impress this operation, and its different 
steps, I will repeat it here in the numbers of the above 
series, which widl enable us to make the full cproparisoa 
of its general result with any individual case that vaacy 
occur. The series chosen gives the following numbers 
in the first proportion, under the supposition of the dum- 
ber of terms n being 7 : 

5f_3 X 58 :S — 3 =« 3:3X5 
3 — 3 X 58 :S— 3 = 3 — 3X5:3X5 
1 — . 68 : 5 — 3 = 1 — 5 : 3 X 5 
5_5^:S — 3 = 5 — 5X5:3X6 

= 1 — 5: 3 
5_5T. i_5 = 5 — 3:3 

5 — 6' + 1—5:1 — 5 = S — 3 + 3:3 
1—5^ :'l— 5 = 51:3 

3(1 — 5') 3 — 3X5^ 

1—5 1—5 

234372 

= 58693 

4 

Remark, I here perimUied tb<9 quantity to be subtract 
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ed to be the greater, both in the numerator and in the de- 
nominator ; this, though apparently a contradiction, is com- 
pensating on the same ground as has been shown above : 
that the ' objects . themselves disappear in a rule of three, 
when they appear equally, both in numerator and in de- 
nominator ; the resuU here is therefore equally positive. 
The sign^ of addition or subtraction, that is, +, and — , 
compensate as equal quantities in numerator and denomi- 
nator, exactly like the quantities themselves. It will easily 
be seen, that if the series had been a decreasing oi^e, the 
case would have been the reverse ; the ratio being in that 
case a fraction, the numerator and denominator would both 
have presented positive numbers, that is, the subtracting 
quantities, being fractions, would both be smaller than the 
unit. 

The above expression for the value of the sum of a geo- 
metric progression is therefore the rule (to express it in 
the common language of arithmetic) by which this sum is 
to be calculated. It can be stated very simply thus : 

Take the difference between unity and the constant ratio 
elevated to the power indicated by the number of terms ; di- 
vide this by the difference between unity and the constant 
ratio J and multiply the qtuftient by the first term. 

This rule is evidently adapted both to increasing and 
decreasing geometrical progressions. 

§ 109. The foregoing expression, or formula, again 
presents us four quantities mutually depending upon each 
other, in the manner expressed by it ; we may therefore 
conclude : that any three of them given, determine the 
fourth ; which mipht form as many distinct problems, as 
shown in the arithmetic series ; we will here only show 
how to find the first term, thepther parts being given. 

The last step of ihe reduction of the proportion evi- 
dently gives : 

1 — i- 

a= s 

1 — rn 
or, in words : Divide the difference between unity and the 
constant raHoy by the difference between unity and the ratio 
elwated to the power indicated by the number of terma^ and 
rmdtiply the quotient by the sum of the ^aeries. 
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To determine the constant ratio, or the number of the 
term, when the other parts are given, requires more ex- 
tensive deductions and calculation than the plan of these 
elements aditiits of; the first requires a solution of vi^hat 
is called a higher equation, and the second the use of lo*- 
garithms, which both lie beyond our present limits. 



CHAPTER HI. 

Of Compound InUrest — Principles of Annuities, 

§ 110. We have seen in its proper place, that the cal- 
culation of simple interest was a simple multiplication of 
the capital by the decimal fraction representing the inte* 
rest per hundred ; and in the Compound Rule of Three 
the other questions have been treated which relate to this 
subject. But, as well for the transactions of monied in- 
stitutions, as for various other calculations, in political 
economy and otherwise, the interest after the year, or any 
other term agreed upon, is considered as again bearing in- 
terest, and thus the interest increases at the same rate as 
the capital itself. This introduces of course a mode of 
calculation completely difierent, and partaking of the na- 
ture of the Progressions : its principles shall here be treat- 
ed separately, and with the addition of payments at deter- 
mined terms, as the interests or annual payments, called 
Jlnnuitiesy of which it may be proper here to give only the 
first principles, without going into the details which more 
intricate speculations introduce into them, as they would 
draw us out of our prescribed limits. 

We shall take the liberty of making use of letters to 
designate the quantities, until we give them actual values, 
by way of example ; in order to give to the reasoning that 
general form which it is so advantageous to introduce in 
the higher branches of arithmetic. Thus we will call the 
capital == C, and the rate of the per centage '^ r ; .and 
proceed with these as if they were known numbers, indi- 
cating the operations by means of the signs which we 
have long been familiar with. 
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The capital having been one year at interest/ it will be 
worth, together wifh that interest, 

C+ rC = C (1 + r) 

(for the C maltiplies the unit and the rate per cent. =; r.) 
This being now the capital on interest for the second year, 
it will produce an interest = C {I -^^ r) r ; and the whole 
value of the capital and interest at the beginning of the 
third year will be the sum of the last year's capital and 
the interest of the same, namely * 

C(l+r) + C(l-f.r)r « C(l+r) (1+r) = C{l+ry 

(for here the C (1+r) is again a multiplier for the unit 
and the rate per cent. = r, apd so will be the case in each 
following year.) This capital, at the same interest, in the 
third year will produce an interest =^ 

C.r(l+r)a 

which added to the bst capital, gives at the beginning o[ 
ibe fourth ye^i the value of 

C(l+r)2+€r(l4r)a =^ C<l+r)3(l-hr) = C(l+r)» 

This is therefore the law of the increase of a capital 
put out upon compound interest ; which for any number of 
years, say n^ would give a definitive sum, 

S==C(l+r)n 

or expressing this in words : In order to obtain the valm 
of the whole capital at the end of the last ytar^ the rate of 
interest added to unity ^ raised to the potoer indicated by 
the number of years elapsed^ is to be multiplied into the 
original capital. 

To show the same operation in numbers, let us suppose 
a capital, C = 7500, at the rate of 6 per cent, compound 
interest; this (expressing the percentage in a decimal 
fraction) evidently gives : 

The first year's interest : 

7500 X 0,06 
The capital at the end of the first year : 

7500 + 7500 X 0,06 
which ivill be more easily (Calculated thus : 



7500 X 1,06 
The second year's interest will be : 

7500 X 1,06 X 0,06 
The capital at the end of the second year : 

7500 X 1,16 + 7500 X 1,06 X 0,06 . 
or, again expressed more simply : 

^ ^ 7500 X 1,06 X 1,06 = 7500 (1,06)^ 

It will progress in this manner every year by the power 
of 1,06 ; that is, the original capital will be multiplied by 
1,06 in continued multiplication of as many factors as the 
number of years indicates ; for instance, at the end of six 
years we would have : 

w 

$ 7500 =7500 X 1,26247696 

§ 111. If to the above condition of compound interest 
we add the condition of annual payments, we have the 
idea of an Sniiuity ; when these payments are supposed 
larger than the interest, (as in that case the whole might 
be rediiced to simple interest,) it is evident that they must 
eventually consume the capital itself, and that compound 
interest must also be allowed upon these payments as well 
as upon the capital ; the conditions of such contracts are 
therefore varied, and grounded upon various contingencies, 
and principally upon a combination of chances, particu- 
larly the probabilities of life, into which it cannot be our 
object to enter ; the first principle which lies at their root is 
all that is intended to be shown here. The difference be- 
tween the capital increased at compound interest, and the 
payments made, at any time, allowing the same rate of in- 
terest, is therefore the value of the annuity at that time ; 
this will be founded upon the following investigation. 

We shall here proceed as in the preceding section, call- 
ing the annual payment = p ; and supposing them to be- 
gin at the end of the first year : it will afterwards be easy 
to adapt the result to other conditions of payments, begin- 
ning at a later period. 

Thus we have, 
At the end of the /!r«f year, the amount left 
17* 
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= C(l-hr)— p 
At the end of the second year 

= C{l+r)2— p(l+r)^p 
At the end of the third year 

= C(l+r)3— p(l+r)» — p(l+r)— p 

and so on every subsequent year, always deducting froni 
the original capital, with its compound interest at the time, 
the payments made with their interests, af the same rate, 
also at compound interest. ' ' 

So for the end of any year, generally named » n, we 
shall hav^ for the amount left, called a, expressed as fol- 
lows :* 

a= C(l+r)n— p(l+r)n — 1— p(l-fr)n-2until— p 

The series of payments with their interests evidently 
form a geometricd series with the constant ratio == (1 +r) 
the payment s= p, being the first term ; we can therefore 
place its value at once instead of the series according to 
the expression found in section 108. The number of 
terms is evidently ^= n, because the payments are conti- 
nued until the term p, which has not the commcm ratio in 
it. So we have for the amount of this series, 

(l+r)n — 1 

p X 

(1+r) — 1 

and.theiefore far the value of the annuity, 

(l+r)^ — 1 
o=C(l+r)n— p X 



C{l+r)n—pX 



(l+r)n_i 



* To txprees this in a rule would be useless ; we will rather 
flubttitute, by way of example, the numbers which the letters re- 
present, and join the result in the first example foOowio^, ta>i>g 
thedata^of the fojregoiagp ttiainj^e. 
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If the payments were to commence at a later period than 
the beginning) or to stop after a certain number of payments, 
as for instance, the supposed probability of the life of the 
person enjoying a life annuity, it is evident that the only 
difference resulting would be in the number of the years 
which denote the power of the ratio of the series of the 
payments. Suppose it should take place, m years after 
the lending of the money, or beginning of the compound 
interest upon the original capital ; we would then have : 

(l+r)n — m — 1 
a= C {l+r)^ — p '- ' — 

This latter is usually called reversion. 

1st Example. Supposing the capital which was given in 
the preceding section, and that an annual payment, of $800 
was to be made, beginning with the first year, and letting 
the number of years also be 6, .we shall have the amount 
in the hands of the receiver of the money at the end of 
6 years : 

By the expression, 

(1,06)* — 1 

^ ' a = 7500(l,06)»— 800 

0,06 

a = $10639,9 — 6580,266 = $5058,633 

2nd Example, Suppose the same capital originally 
given, and the same payments, to begin 6 years after the 
placing of the money ; what will be the amount after 14 
years? 

By substituting these numbers in their proper place we 
4>btain : 

(1,06)8 — 1 

a = 7500 (1,06)»* — 800 

0,06 

firom which is obtakied : 

a = 16956,88 — 1276,08 = 16681,8 

To find in this case the rate per cent, or the number of 
years, having given the other parts, will again require me- 
thods of CAkubjIaon which lie out of the limits of this 
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r 

M^ork ; as may be judged from their form, and by reference 
to the preceding chapter, on geometrical series. ' 

§ 1 12. The determination of the value of arrears of 
payments is calculated upon the same principle as the 
payments in the preceding case ; because it is supposed 
that the money due at former times, and not paid, would 
have increased in the same manner ; therefore the solu- 
tion of these cases Hes in the second part of the above, 
and the result is obtained by a mere change of denomina- 
tion; mus: 

The amount of all arrears due = a 

The yearly payments due = p 

The rale per cent, interest = r 

The number of years' arreats due = n 

(1 -j- r)n — 1 

Gives the result of a = p — 

r 
Example. An annual payment of $1000 being in arrear 
for 7 years, what is the amount to be paid^ on the princi- 
ple of compound interest, at the rate of 6 per cent, annt^ally? 

(1,06)' — 1 0,5036303 

This gives a = 1000 = 1000 . —- — r- 

0,06 0,0^ 

or a= $8393,33 

§ 113. When a certain capital is to be distributed into 
^equal payments under the allowance of compound inte- 
rest, as is oflen done, the expression of section 111 gives 
the principle of this distribution by the simple supposition 
that the second part of the expression, containing the 
amount of the yearly pa3rments, with their compound in<- 
terest, must be equal to the first, containing the capital 
with its compound interest. That is to say, we have 

(1 + r)n _ 1 

C (1 + r)n = p 

r 
This, considered as product of extremes and means in a 
^geometric proportion, gives 

C : p ^= (1 -f. r)n — 1 : r (1 + r)n 

3o we may determine with equal ease the yearly payment 
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= p, yvhich will extinguish (or be equal to) a certain pre- 
sent amount = C, at the rate per cent. = r, in the num- 
ber of years = « ; and the present capital whicih such 
yearly payments will represent ; for we have from this 
proportion : 

r(l + r)n (1 + y)n_l 

p = C ■ ; and C ^szp ^ * ; 

(1 + r)n — 1 r (1 + r> 

by the simple rule of three. 

In substituting here, by way of example, ihe numbers 
found or given in section 111, the above expression would 
stand thus : 

0,06 (1,06>« 

Payment »S00 = 5580, 266 

(1,06)« — 1 

(1,06)« — 1 
Capital $5580,266 = 800 



^"*- 



0,06(1,06)* 

The determination of the number of years that it will 
take to extinguish a debt by given yearly and equal pay- 
ments, is another question that is beyond our present Umits, 
for it is die same as that stated in section 109. This sub- 
ject is therefore dismissed, and it is expected that any stu- 
dent, who has applied himself to this exposition of the 
principlesf of this kind of calculation, witli the necessary 
understanding of the general principles of arithmetic 
taught in this book, will find no difficulty in solving any of 
the questions upon this subject coming under the head of 
the parts treated in this chapter. / 



CHAPTER IV. 

Of JiUigation, or Mixtures of objects of different Valnes, 

§ 114. In retail mercantile concerns it often occurs, 
thaft it is desirable to ascertain the proportional value of 
a mixture of things of difierent vidues, whidb are given. 
BeHection upon what has bee& heretofore taug|ht would 
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point out the principle upon which such a proportional va- 
lue may be determined. This value of the mixture being 
naturally a certain mean of all the component parts, this 
operation of arithmetic is usually called JllligcUion ^Medial, 
The quantity of each component part multiplied by the 
price of its unit (what is usually called its value) evidently 
gives the influence of this part upon the general mixture. 
It might therefore be considered generally as acting ex- 
actly in the same way as the product of cause into time< 
The sum of all these products evidently constitutes the 
whole. Thus we might say in any number of things 
mixed, 

the sum of all these uniting in the common effect == £. 
If, therefore, the mean effect, that is, the mean value of 
each individual thing, or unit, in the mixture is to be de- 
termined, this whole effect, that is, the sum of all the par- 
tial effects, ifi to be divided by the number of things mixed, 
or the objects acting in the general result ; because by the 
mixing each part of the mixture it is intended to be brought 
to the same value, or intended to be considered as such. 
And the ^ame will be the case in any- union of effects of 
any kind, as labour and the time of its duration, or any 
£uch like. 

This, expressed in the form of section 94, will give, 
considering C, (or the cause) as the objects, and (the 
time) T, as their value, the following general result : 

CX T + c X < + aX? + a Xjr 
Mean = 

C + C+O + Q 

Example. Suppose that a number of men work at a 
certain work during a month, as follows, viz : 6 men work 
15 days each ; 4 men work 19 days each ; 12 men work 
20 days each ; and 10 men work 26 days each, during that 
time ; on how many days' work, on an average, can one 
calculate for each man, in a month ? This gives : 

6 Xl6-f4X 19+12x20-1-10X26 Id 

Mean = • ' ' ■ — — 20 H 

6+44-12+10 16 



r^ 
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In this manner it may evidently also be calculated, that 
in a number of workmen engaged in a work the occasional 
absences may reduce the amount of work which they 
would otherwise perform ; to the mere result of the pro- 
duct of the denominator of the above fraction into the 
quotient found, or the , above workmen taken together^ 
would in a month have executed only the^' work 
W = 32 (20 + ij) == 666 days ; 
or the amount of the numerator of the fraction, as is evi- 
dentf ; instead of which, if they had all been present the 
whole of the 26 working days in a month, they would 
have produced the work = W = 26 X 32 = 832 days. 

§ 1 15. When in such a composition it is desired to ob- 
tain a certain n\eBn value of the objects mixed, or (as in 
the preceding example) a certain amount of work by means 
of objects of different value, (or, as above^ men differently 
assiduous to their work,) it becomes necessary to deter- 
mine the quantity of each individual ingredient, (or, as 
above, the quantity of each men of a certain assiduity,) to 
obtain the disired aim, that is, the price of the thing aim- 
ed at, (or the number of days* work desired.) This ope- 
ration of arithmetic is called Alligation Alternate* It is 
requisite that the quantity of objects below the mean value 
must compensate for those above it ; their products must 
therefore become inverted, between every one above the 
mean in relation to every one below the mean, and in- 
versely. In thus composing a mean without limitati(m 
of the quantity to be made up, or of any of the parts given, 
it is evident that a number of solutions will be possible 
for each question, but that all will be multiples of each 
other. The practical method used is the following : 

The different values bein^ written under each other, the 
difference between one value above the mean' and this 
mean is taken, and placed opposite one of the values below 
the mean ; and alternately, the difference between this 
lower value and the mean is written opposite to the value 
above th^ mean ; thus all the differences that may be pos- 
sible in the given case being taken, the numbers opposite 
to each value give the proportional compensation required 
of each ingredient above the mean, to compensate for each 
of those below and alternately • Ifeeir sum must therefore 
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in each case give the amount of coinpensation required of 
each on one side of the medium, referred to each on the 
other side, by which they are all reduced to a mean value ; 
these numbers are therefore severally to be added, a|id 
^ve the quantity to be taken of each of these respective 
values, their products into the values, to which tliey are 
opposite, will give a sum answering a compound as desir- 
ed. And every equal multiple of all the parts will also 
give an equal multiple of the whole. (The parts compar- 
ed are linked, to show the operation.) 

Example, A goldsmith having gold 15 carats fine^ 19 
carats, 21 carats, and 24 carats, wishes to make a mixture 
20 carats fine ; how much of each has he to take ? 

15 4+ 1-6 

4 = 5 

5 = 6 
1 = 6 

which gives 

15X5+19X5+21X6+24X6 = 20X12 = 440 

or the whole mixture being 22, be it ounces, grains, or 
what it may, there must be in it 5 of the 15 carats gold ; 
5 of the 19 ; 6 of the 21 ; and 6 of the 24 carats gold ; 
which evidently bears the proof of giving, when 20, the 
mean J)rice, b multiplied by 22, the whole quantity mixed ; 
the same result as is obtained by the sum of the individual 
products. 

§ 116. If either the whole amount of the mixture, or 
any one of the parts to be mixed, is limited to a certain 
quantity, it becomes necessary, after the above operation^ 
to take the ratio between the part given and its correspond* 
ing number in the above result, and to make all the other 
numbers in the like manner proportional to their corres- 
ponding ones in the above result. 

l»l Exanwple, If in the above the whole mixture was 
required to be 36, instead of 22, we should have to maka 
the proportions 

5 : (the 15 carats, ot) 8,45 

22- 36- ^5- ("19 " ) 8,45 

22.36-. <g^^^„ 21 „ jg'gjg 

6:(» 24 » ) 9,818 /' 
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2nd Exantph, A goldsmith has silver 6 dunees fkie ; 
10 ounces fine ; and 20 ounces of silver 9 ounces fine ^ 
how much of the two first must he add to the 20 ojunces 
of 9 ounces fine, to make a mixture 8 ounces fine? 

1 + 2 = 3 



8 



(Jir 

( 10 



1 = 1 
1 =1 



This will give the ratio of the silvers ; now the silver at 
9 ounces fine being determined at 20 ounces, Uie propor- 
tion formed from the ratio of the number found for that 
kmd of silver, to the number limited for it, is that which 
must guide all the others, or gives the constant ratio, to 
which the ratio between the numbers just obtaihed and 
those to be employed must be made equal ; as follows : 

1 : 20^= 3 : (silver of 7 ounces fine =) 60 
1 :20 = 1 : ( » 10 " =) 20 

§ 117. I have dwelt at some length upon the first ele- 
mentary ideas of arithmetic, the notation or signs, of the 
arithmetic operations, and the principles of the systems of 
numeration, because, as was there said, these first ele- 
mentary ideas^ if well understood, will be of the greatest 
utility in rendering every operation iti arithmetic easy ; it 
is therefore to be wished, that the teacher extend thenv 
still more, by some practice upon other systems of nu- 
meration, besides the decimal system, and by familiarising 
the varied combination of the signs of arithmetic, the full 
value of these combinations being ultimately assigned. 
The same reasons dictated to me the detailed description 
of the four rules of arithmetic, which it is certainly pro- 
per to make easy, and satisfactory to the mind of the be- 
ginner, if he is ever to know how to apply them in their 
proper place. 

In treating vulgar fractions, I considered it obligatory 
upon me to proceed by exact mathematical demonstration, 
and to deduce them from iheif actual origin in an unexe- 
cuted division ; while in decimal fractions the whole of 
their principles will at once spring fi^om the consideration 
of division cop^nued below the unit, according to the 
same system tts al:^'e it. In considering all conventional 
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subdivifiion3 of the units of different kinds of quanthies 
as denominate fractions, I found it possible to treat it with 
some system, which is not possible when each is treated 
separately. If I have deviated in these considerations 
from the usual method, I hope the clearness that results 
will excuse me. It appeared to me proper to bring the 
scholars to this point by what might be called theoretical 
steps. 

The Second Part will afford the scholar the satisfaction 
of a useful application of the principles learnt before. 

In the Third Part, treating of ratios and proportions, I 
considered myself both bound by true principle, and au- 
thorised by the progress of the scholar, to treat the sub- 
ject as the beginning of the elements of the actual science 
of quantity ; the principles being so few and simple, the 
task appeared to me, only to lay them well* open to the 
scholar, and to show him all their bearings and conse- 
quences; a defective treatment of this part of arithmetic, 
cannot but destroy, instead of cultivating, the reasoning 
and understanding of the scholar. These reasons deter- 
mined me to a more detailed application to examples fully 
worked out, as they both help to explain the principles, and 
make their application pleasant. 

The use of letters to denote a quantity before its deter- 
mination, appeared to me proper to be introduced, so as 
gradually to habituate the scholar to more general consi- 
derations in regard to quantity, not servilely attached to 
the figures of our system of numeration. 

After the steps made in the Third Part, I hope to need 
no excuse for the greater degree of generalisation which 
has been introduced in the Fourth, except to say : that it 
was done with the avowed intention of leading the scholar 
imperceptibly into the entrance of algebra. It is abso- 
lutely useless to teach these parts by rules; na scholar 
ever remembers them ; and he whose memory is mecha- 
nical enough for this, seldom knows where they are appli- 
cable. They are therefore d^eless to him ; and to omit 
teaching properly the principles of these parts, is an in< 
justice towards the student of anthmetic, who wishes to 
prepare himself by it for higher studies. 



TABLES 






Of the Proportional Subdivisions, or Denominate FraC' 
tions, of Weights, Mea>sures, Time, ^c» 



Explanation. — In the following tables, the denomina- 
tions of the subdivisions will be found wiitten in full, at 
the head of each table, and in their usual abreviations 
within the tables themselves. The first number of each 
square, is the number of units of each subdivision requir- 
ed to make the unit of the kind found at the right hand ; ^ 
and the lower number in the same square, is the decimal 
fraction corresponding to the same subdivision and unit, 
carried to 7 decimals. 







TIME. 


V 




Seconds, 


MimUes, 


Hours, 


Days, 


Years. 


60 
0, 016666 


* 
1 


1 






3600 
0, 0002777 


60 
0, 016666 


h. 
1 




86400 
0,0011574 


1440 
0, 0069444 


24 
0,041666 


d. 
1 






5259487, 8 


8765, 813 


d. h» m. 9. 
365. 5. 48. 48 


y- ' 
1 



CIRCULAR PARTS. 



Seconds. 


Minutes. 


hegrees. 


Circum' 
ferenee. 


II 

60 
0, 016666 


1 
1 






360 
0, 0002777 


60 
0,016666 


■ o 

1 




1296000 
0, 00000077 


21600 
0, 0000462 


360 
0, 002777 


c. 
1 



. I 
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<- 




4 


n 


o 
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1 


i 

n 


1 




- 


6 


i| 


o5 


1 




a.- 


©" 


if 


ii 

ii 


|| 


i 




1- 


4 

si 




ii 


il 
M 


§1 
si 


^^ 


<- 




si 
is 


o 




1 


144 

0,0069165 

1296 

0, 0007777 


t- 


si 

ii 
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CUBIC MEASURE. 






Inches. 


Feet. 


Yards. 


FalhofM* Ij 


in. 

1728 

0, 0005787 


f- 
1 


1 




46656 
0,00002143 


27 
0,037037 


376648 
0,00000265 


216 
0, 0046290 


8 
0, 125 


fth, 

1 



CLOTH MEASURE. 



Inches, 


Nails, 

nl. 
1 


Quarters. 


Yards. 


Ells. 


in, 

fl,25 

0, 4444 

9 
0,111111 






• 

e. 

1 


4 
0,25 


gr.' 

1 

4 
0,25 


36 
0,02777 


16 
0, 0625 


1 


45 
0,02222 


20 6 
0,05 0,2 


1,35 
0,8 



DRY Measure. 



Pints. 


Gallons. 


Pecks, JdusheU, j| 


0,125 


1 






16 
0,0625 


2 
0,5 


pk. 
1 


64 
0,015625 


8 
0,125 


4 t, I 

0,25 I 1 1 



Eiglit Bushels mike a Qaarter ; but as this is not used in any 
p«rt of this ooontry, any more than the Wey and Last, we have 
omitted them. 



Habit alone deleneincE, in tliSerent muotriea iriisrc Ibeie 
RieMarei are used, (n wbicb pnrpoies the two diflerent meaiDrei 
of liqaida are applied beudei the two liquids of wbicb the; bear 
the Dame, and tbeie babita vary ^olii time to tine. In the ttitle 
of Nev-Voric, Beer meaiure i* liltla used) but tiie Dtdinarj mea- 
eare (or all liquids a Wine meworo. 
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BEER MEASURE. 




Pints. 


QuarU. 


Gallons. 


Barrels. 


Hogshead*. \ Butts, jj 


P- 

' 2 

0.5 

8 
0,125 


4 
0,25 


g- 
I 

3tf 
0,02777 








288 
0,00347 


144 
0, 00694 


b. 
1 


482 
1 864 


216 


54 


1,5 


hhd. 
1 


432 


108 


3 2 


b. 
1 



TROY WEIGHT. 

(Used for Gold, Silver, Jewels, and retail dealing.) 



Grains. 


Pfnny weights. 


Ounces. 


Pounds. 


24 
0,0416666 


dwt. 
1 




• 


480 
0, 0020833 


20 
0,05 


oz. 

1 


5760 
0,0001736 


240 
0,0041666 


12 
0,08333 


lb. 

1 



APOTHECARIES' WEIGHT. 

(Used in compoundmg Medicines.) 



Grains. 


Scruples. 


Drachms. 


Ounces. 


P 'unds. 


20 
0,05 


se. 

I 




1 


60 
0,016666 

480 
0, 0020833 


3 

0,333 

24 
0,041666 


dr. 

1 

8 
0,1?5 


OS. 

1 


6760 
0,0001736 


. 288 
0,0034722 


96 
0,0104165 


12 
lO, 08333 


lb. 
1 
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AVOIRDUPOIS WEIGHT. 



213 



Drachms. 


Ovnees. 


Pifunds. 


Quarters. 


CwL 

cwi. 
1 


Tom. 


dr. 

16 

0,0625 


oz. 
X 

16 
0, 05555 


\ 




• 


256 

0, 0039814 


lb. 
1 


7168 
0,0001395 


448 
0,0022321 


28 
0,0357143 


qr. 
1 


28672 
573440 


1792 
0,0005580 

35840 


112 
0,0090178 


4 
0,25 


2240 
0, 0004464 


80 
0,0125 


20 

0,06 


ton. 

1 



Troy. 



11 



This kind of weig^ht is used in every other case of mercantile 
transaction, whether in the great transactions of general com- 
merce, or in the retail trade. 

OS. dioLgr, 
1 lb. Avoirdupois ss 14. 11. .16 
loff. „ = 18. 5J 

tdr. „ = 1. 3j 

Before the last law in England, of 1825, regulating wei^ts ;^id 
measures, the following were the cubic contents of the qlflbrcnk 
measures of capacity; viz- : 

The Bushel, 2150{ cubic inches ss a cylinder- 8 in, de^p, 18r,$ 
in. diameter. 
The GkiUoii, dry measure, 268^ cubic inches. . 

„ „ for beer, 282 „ „ 
„ „ for wine, 231 ,, „ 

These two latter gallons have to each other the same rat^a at 
the weights Avoirdupois and Troy. 

By the law of 1825, the Butihel contains 2217,6 cubic inches. 

the Gallon „ 27'7,2 „ 

and is usedt indiscriminately for dry and liquid measure. 

The capacities are determined, not by measurement of the cu- 
bic contents, but by the weight of pure water at the temperature 
of 62® of Fahrnheit^s thermometer contained in the vessels; the 
hnshel holding 80, and the* gallon 10 lbs. avoirdupois. 

The standard of lineal measure of the State of New-Totk is the 
yard. Its length is by statute det'irmined from the pendulum vi- 
brating seconds at Columbia College, to which it bears the ratio of 
one million to one million. 

. ^he pendulum being found by the experiments of Sabine to be 
39, inchea. 

T|ie unit of weight is (he pound, of such ma^i^itudo that a cu- 
bic foot of water at its maximum density, wet'hi 3iiKty'tw» aaflta 
half pouads, or on^ihousand ounces. 



.ih 



A. « ..I^K.' 



is of capadtj is Ihe gallon, which holdi ei- 
ncllrtea pounds of water, at tbe maximum of dcoiitf; the buihel 
boldi exactly tigblj pouwli of water at it> maximum deniity. 

This ilatute was patied in September, 1827, anJ will go into 
effect on the lit Januar;, 1839. 



i; 






ill 
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^^ahle of Foreign Coito aaarding to Ihe Laai of tkt Vnitti Slalti, 

Goldcoins ofO.BritaiDBod Portagal are rated at J!l for ST graini. 

„ France „ , STl „ 



